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STATIC GAMES
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1

A Crash Course on Static Games

The purpose of this chapter is to offer a crash course on the theory of static games with a fi-
nite number of players, acting simultaneously and competing to achieve individual goals. In
this introductory chapter, players have complete information and no element of the game is
due to chance. Mathematically, this means that no stochastic element is part of the definition
of the game models.

1.1 INTRODUCTION TO STATIC GAMES WITH FINITELY MANY PLAYERS

1.1.1 Notations and Definitions

We study games between N players. We denote by rN s “ t1, . . . , Nu the set of the N
different agents/players. Because of the ludic connotation of the word player, like most
economists, we will often prefer the terminology agent. For each agent i, the set of actions
that they are allowed to take is denoted by Ai. For most of the examples considered in
these lectures, Ai will be a subset of Rki for some ki ą 0. We call Ai the set of admissible
actions available to player i, or in short, the action space of agent i. The choices of elements
of Ai are sometimes called pure strategies to distinguish them from the so-called mixed
strategies which we introduce later on. The elements of the setA “ A1ˆA2ˆ¨ ¨ ¨ˆAN of
admissible actions for all of the N agents will be called strategy profiles. For any α P A,
we denote by α “ pα1, α2, . . . , αN q with αi P Ai such a strategy profile.

We also associate to each agent i P rN s a cost function:

J i : A Q α ÞÑ J ipαq “ J ipαi,α´iq P R

where we use the notation α´i “ pα1, . . . , αi´1, αi`1, . . . , αN q which is commonly used
in game theory to denote the actions of all the agents but agent i, and single out the role of
the action αi of agent i in their own cost.

Definition 1.1 For each i P rN s, the best responses of agent i to the actions α´i “
pα1, . . . , αi´1, αi`1, . . . , αN q of the other agents, is the subset ofAi, denoted by bripα´iq,
comprising the minimizers of the cost function Ai Q α ÞÑ J ipα,α´iq. In other words:

bripα´iq “ arg min
αPAi

J ipα,α´iq. (1.1)

More generally, we define the best response function (for all the agents simultaneously) as
the function:
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br : A Q α “ pα1, . . . , αN q ÞÑ brpαq “ br1pα´1q ˆ br2pα´2q ˆ ¨ ¨ ¨ ˆ brN pα´N q Ă A.
(1.2)

Clearly, this is a set value function (often called correspondence. A strategy profile α˚ is
said to be a fixed point of the map br if

α˚ P brpα˚q. (1.3)

We can now define the notion of Nash equilibrium as follows:

Definition 1.2 A strategy profile α˚ P A is said to be a Nash equilibrium if it is a fixed
point of the best response function br. Equivalently, if for each i P rN s,

J ipα˚q ď J ipαi,α´i,˚q, for all αi P Apiq. (1.4)

The collection of all Nash equilibria will be denoted by N :

N “ tα P A; α P brpαqu. (1.5)

In plain words α˚ P N if and only if, for each i P rN s, if all the other agents take actions
α˚´i, agent i cannot be better off by choosing an action departing from α˚i.

1.1.2 Social Cost and Price of Anarchy

Definition 1.3 We define the social cost Jpαq of a strategy profile α P A as the sum of the
individual costs J ipαq, i.e.

Jpαq “
N
ÿ

i“1

J ipαq “
N
ÿ

i“1

J ipαi,α´iq. (1.6)

A strategy profile α that minimizes the social cost among all admissible strategy profiles
α P A of the N players is called a social optimal strategy profile, and it is denote by

α˚,SC P arg min
αPA

Jpαq (1.7)

We shall often divide the social cost Jpαq by N when we vary N and especially when
we try to study the limit N Ñ 8. Obviously, this does not affect the set of minimizers
of the social cost function. We shall also use the terminology central planner for someone
attempting to search for a social optimal strategy profile. This type of global optimization is
to be compared with the search for Nash equilibria where individual players are optimizing
(selfishly) their own individual costs. To compare quantitatively the effects of these two
forms of optimization, we introduce a couple of measures whose names try to capture their
goals. We first give the commonly accepted definition of the Price of Anarchy as a measure
of the inefficiency of selfish optimization in the above set-up of static strategic game. This
measure tries to quantify the relative effect of individual optimizers trying to minimize
their own individual costs without considering the effect of their choices on the overall
social cost.
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Definition 1.4 The Price of Anarchy (PoA) in a static strategic game is defined as the ratio
between the worst social cost of a Nash equilibrium and the optimal social cost among all
admissible strategy profiles, namely

PoA “
supαPN Jpαq

infαPA Jpαq
“

suptJpα˚q; α˚ P N u
Jpα˚,SCq

. (1.8)

A similar notion, though less popular, was introduced under the name of Price of Sta-
bility (PoS). It is defined as the ratio between the best social cost of a Nash equilibrium
and the optimal social cost among all admissible strategy profiles:

PoS “
infαPN Jpαq

infαPA Jpαq
“

inftJpα˚q : α˚ P N u
Jpα˚,SCq

. (1.9)

When the aggregate cost function J is non-negative (which is obviously the case when all
the individual cost functions J i are non-negative), the denominator is never greater than
the numerator and as a result PoA is greater than or equal to 1. When it is equal to 1, Nash
equilibria are not any worse than the result of centralized optimization. However, when
PoA ą 1, how greater than 1 it is tells us are worse Nash equilibria are when it comes to
the overall social cost.

We shall compute explicitly some of these quantities, for example PoA, in some net-
work games in which agents interact under the restriction of a protocol that leads to collec-
tive solutions producing unexpected (and very unnatural) results. This will shed some light
on the very nature of Nash equilibra. See Subsection 2.3.4.

To close our discussion of optimality, we state the definition of the notion of Pareto
optimality for the sake of completeness.

Definition 1.5 A strategy profile α˚ P A is said to be Pareto optimal if there exists no
α P A such that

• @i P rN s, J ipαq ď J ipα˚q
• Di0 P rN s, J

i0pαq ă J ipα˚q

1.1.3 Search for a Nash Equilibrium

We review quickly the most popular methods used in the search for Nash equilibria.

1. Fixed Point theorem.
The very definition of a Nash equilibrium is based on the notion of a fixed point for a
specific map, the so-called best response function. So it is not surprising that most of
the mathematical proofs of existence are based on the use of fixed point theorems. We
shall give multiple examples in what follows, and in each case, we shall give precise
references to the specific theorems we appeal to. For the time being we list some of
them for the sake of definiteness.
• The Banach fixed point theorem is also known as the contraction mapping theorem.

It can be used when the mapping is a strict contraction and it guarantees not only
existence, but also uniqueness of the fixed point. It is often used to show existence
of ordinary and stochastic differential equations. We shall used it in several cases
in what follows.
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• Brower’s fixed point theorem is one of the earliest ones. It guarantees existence of
a fixed point for continuous maps on a compact set. It was extended by Schauder
to more general settings. We shall use Schauder’s fixed point theorem in several
existence arguments in the sequel. For the sake of later reference, we state the form
of Schauder’s fixed point theorem which we shall use in the sequel.
Theorem 1.6 Let E be a Banach space, and let C be a non-empty closed convex
set in E. Let F : C ÞÑ C be a continuous map such that F pCq Ă K where K is a
compact subset of C. Then F has a fixed point in K.
The proof can be found in [9, Exercise 6.26 p.179].

• Schauder’s fixed point theorem was generalized by Kakutani to set valued func-
tions. The appendix at the end of this chapter states the important facts on set-
valued functions which we will use in these lectures, including Kakutani’s fixed
point theorem [20]. This theorem was used by John Nash in his seminal work [28].
We give the details in the next section.

• other fixed point theorems have been designed and used to take advantage of the
special structure of some game models.
– for example an order structure amenable to lattice theory is present in the model

as in the case of unimodular games for which Tarski’s fixed point theorem [38]
is often used;

– or in the case of some potential games for which direct iterative procedures can
converge to equilibria.

For the sake of completeness, we also mention that in the case of differential games, vari-
ational inequality techniques have been used successfully when the cost functions exhibit
strong convexity or monotonicity properties. See for example [36] for an introduction.

1.1.4 Mixed Strategies and Nash Theorem

This subsection is devoted to the statement and the proof of John Nash’s famous existence
theorem for equilibria in mixed strategies. But before we define such equilibria, we prove
a first application of Kakutani’s fixed point theorem to the existence of Nash equilibria in
pure strategies.

Theorem 1.7 Consider G “ prN s, A “ A1ˆ¨ ¨ ¨ˆAN , J “ pJ iqiPrNsq and let us assume
that:

• for all i P rN s, Ai is a non-empty convex compact subset of Rk;
• for all i P rN s, J i : AÑ R is continuous;
• for all i P rN s, for all α´i P A´i, Ai Q αi ÞÑ J ipαi,α´iq is quasi-convex, i.e., for all

a P R, tα P Ai, J ipα,α´iq ď au is convex.

Then G has at least one Nash equilibrium in pure strategies.

Proof: The proof relies on Kakutani fixed point theorem (see Theorem 1.29). Recall that the best
response br is defined as the set valued function1

1 A set value functions is often called a correspondence and it is denoted with a special arrow �.
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brpαq “ br1
pα´1

q ˆ ¨ ¨ ¨ ˆ brN pα´N q,

from A into the set 2A of all the subsets of A, where

bripα´iq “ arg inf
αPAi

J ipα,α´iq,

and that our goal is to find a fixed point for br, i.e., α P A such that α P brpαq. To apply Kakutani
fixed point theorem, we need to check that for allα P A, brpαq is a non-empty, compact, and convex
set, and that moreover, the graph of br is closed.

• For any α P A and every i P rN s, since Ai is compact and the mapping α ÞÑ J ipα,α´iq
is continuous, the image (range) J ipAi,α´iq is compact. So for every i P rN s, there exists
αi,˚ P Ai such that αi,˚ P brpα´iq, which implies that brpαq is non-empty.
Using the quasi-convexity assumption, for i P rN s, if we choose a “ J ipαi,˚,α´iq, the set of
best response toα´i for player i, namely bripα´iq Ă Ai is closed (by continuity of J ip¨,α´iq)
hence compact, and because of the quasi-convexity assumption, convex as well.

• To prove that the graph of br is closed we start with a sequence tpαn,βnqunPN of pairs of
strategy profiles inAˆA satisfyingβn P brpαnq for every n P N, we suppose thatαn Ñ α P A
and βn Ñ β, and we prove that pα,βq is in the graph of br, namely that β P brpαq. For every
n P N and i P rN s, we know that for every α1i P Ai,

J ipβin,α
´i
n q ď J ipα1i,α´in q

Taking the limit as nÑ8 and using the continuity of J i, we obtain that for every α1i P Ai,

J ipβi,α´iq ď J ipα1i,α´iq.

Thus, βi P bripα´iq for every i P rN s, or equivalently, β P brpαq, showing that the graph of
br is closed.

Kakutani’s fixed point theorem (see Theorem 1.29) implies the desired conclusion. ˝

Definition 1.8 Given a game G “ prN s, A “ A1 ˆ ¨ ¨ ¨ ˆ AN , J “ pJ iqiPrNsq, we define
the extended game G̃ “ prN s, Ã “ Ã1 ˆ ¨ ¨ ¨ ˆ ÃN , J̃ “ pJ̃ iqiPrNsq as follows: for all
i P rN s, Ãi “ PpAiq and

J̃ ipπ1, . . . , πN q “

ż

A1

. . .

ż

AN
J ipα1, . . . , αN qπ1pdα1q . . . πN pdαN q.

The elements πi of PpAiq are called mixed strategies, and the elements π “ pπ1, . . . , πN q
of Ã are called mixed strategy profiles. A Nash equilibrium for for the game G̃pN, Ã, J̃q is
called a Nash equilibrium in mixed strategies for G.

Nash’s original theorem on the subject [28] was to prove existence of such Nashe equi-
librium in mixed strategies, without any convexity assumptions. We now prove this famous
result in a slightly more general context than the finite action space case.

Theorem 1.9 (Nash Existence Theorem) Let us assume that the game G “ prN s, A “

A1 ˆ ¨ ¨ ¨ ˆAN , J “ pJ iqiPrNsq is such that:

• for all i P rN s, Ai is a non-empty, compact subset of a metric space;
• for all i P rN s, J i : AÑ R continuous.
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Then G has at least one Nash equilibrium in mixed strategies.

Proof: The proof consists in applying Theorem 1.7 above to the extended game. So, at least in an
indirect way, it relies on Kakutani’s fixed point theorem. Since Ai is assumed to be a compact metric
space, PpAiq is also a compact metric space when endowed with the topology of weak convergence.
A sequence of probability measures pµnqně1 is said to converge weakly to the probability measure
µ if and only if:

@f : Ai Ñ R continuous,
ż

fdµn Ñ

ż

fdµ.

Notice that Ãi “ PpAiq is obviously convex and non-empty. The next step is to prove the continuity
of J̃ i : Ã Ñ R. This is an easy consequence of the continuity of J i. Indeed, if we assume that
πn “ pπ

1
n, . . . , π

N
n q converges weakly to π “ pπ1, . . . , πN q, each πin converges weakly to πi and:

J̃ ipπ1
n, . . . , π

N
n q “

ż

A1

. . .

ż

AN
J ipα1, . . . , αN qπ1

npdα
1
q . . . πNn pdα

N
q

“

ż

A1

π1
npdα

1
q

ż

A2

π2
npdα

2
q . . .

ż

AN
J ipα1, . . . , αN qπNn pdα

N
q.

Treatingα1, ..., αN´1 as fixed, one sees that the right most integral converges to
ş

AN
J ipα1, . . . , αN qπN pdαN q,

then, treating α1, ..., αN´2, αN as fixed, one sees that the integral with respect to πN´1
n pdαN´1

q

converges toward the corresponding integral with respect to πN´1
pdαN´1

q, and repeating the argu-
ment N times we conclude that J̃ ipπnq converges toward

ż

A1

π1
pdα1

q

ż

A2

π2
pdα2

q . . .

ż

AN
J ipα1, . . . , αN qπN pdαN q

which is equal to J̃ ipπq, proving the continuity of J̃ i.
FInally, we pick i P rN s and π´i “ pπjqj‰i P Ã´i where Ã´i “

ś

j‰i PpA
j
q. and we prove

that the mapping
PpAiq Q πi Ñ J̃ ipπi,π´iq P R

is quasi-convex, namely that for each a P R, the set tπ P PpAiq : J̃ ipπ,π´iq ď au is convex. But
if θ, ν P tπ P PpAiq : J̃ ipπ,π´iq ď au and λ P r0, 1s, using the definition of J̃ i, we easily check
that

J̃ ipλθ ` p1´ λqν,π´iq “ λJ̃ ipθ,π´iq ` p1´ λqJ̃ ipν,π´iq ď a

which completes the check of the assumptions of Theorem 1.7, hence, completing the proof of the
present Theorem 1.9. ˝

Remark 1.10 • The weak convergence in the space of probabilityPpAiq can be metrizised
by the Prokhorov distance or the Wasserstein distance.

• If Ai is simply a metric space and Ãi Ă PpAiq, it is possible to check the compactness
of Ãi using Prokhorov’s theorem. For example, if Ai is a separable complete metric
space, Prokhorov’s theorem says that Ãi is tight (namely relatively compact) if and only
if the closure of Ãi in pPpAiqq for the topology of the weak convergence is compact.

1.1.5 Games with Mean Field Interactions

We shall say that a game model has mean field interactions (or in short that it is a mean
field game model) if all the admissible strategy sets Ai are equal to a single set A0 and if
the individual cost functions J i are of the following form:
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J ipαq “ J ipαi,α´iq “ J
`

αi,
1

N ´ 1

ÿ

j‰i

δαj
˘

(1.10)

for some function J : A0 ˆPpA0q Q pα, µq ÞÑ Jpα, µq P R. Here and in the following we
use the notation PpA0q to denote the set of probability measures on A0 which is implicitly
assumed to be a subset of a Euclidean space Rk and equipped with its Borel σ-field. Also,
we used the notation δx for the point measure with unit mass concentrated at the point x.
So the measure appearing as the second argument of the function J in formula (1.10) is the
empirical measure of the actions taken by the players different from player i. For the sake
of later reference, we state the following definition of an empirical measure.

Definition 1.11 If x “ px1, ¨ ¨ ¨ , xkq P Ek where pE, Eq is a measure space, we denote
by:

µx “
1

k

k
ÿ

i“1

δxi (1.11)

the empirical measure of x. Recall that the point measure δx is defined for x P E by
δxpAq “ 1 if x P A and 0 otherwise for any A P E .

The following example was proposed by Lasry and Lions as a simple example of mean
field games. It is usually called ”where should I put my towel on the beach?” and it is
presented in full detail in [11]. Imagine that A is a compact set representing a beach, and
α0 P A is the location of a refreshment stand. Given two positive numbers a and b each
individual beach goer i will choose a location αi on the beach to minimize:

J ipαq “ adpαi, α0q ´ b
ÿ

j‰i

dpαi, αjq

where d is a distance on A. So each individual wants to minimize the distance to the re-
freshment stand while at the same time avoiding to be too close to the other beach goers.
This is clearly a game with mean field interaction in the sense of the above definition if we
use the function:

Jpα, µq “ adpα, α0q ´ b

ż

A

dpα, α1q µpdα1q.

The standard approach to mean field games is to work in the limit N Ñ 8 of large
games for which one expects that the empirical measures µα converge toward a measure
µ, in which case, the search for Nash equilibria for the N -player game is replaced by an
approximation obtained by having a generic player respond optimally to the distribution
µ of actions of the other players. Mathematically, the search for these approximate Nash
equilibria can be summarized as:

• compute the Best Response Function: µ ÞÑ α̂µ “ arg infαPA Jpα, µq;
• find a Fixed Point µ̂ satisfying supp µ̂ Ă arg infαPA Jpα, µ̂q,

where supp µ̂ denotes the support of the measure µ. In words, this second condition means
that the measure µ̂ needs to be concentrated on the best responses. We shall come back to
these types of games later on in the lectures.
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1.2 POTENTIAL GAMES

As before, we denote by A “ A1 ˆ . . . AN the set of strategy profiles, and for any i P
t1, . . . , Nu, the couple pα,α´iq P A with α P Ai and α´i P A1 ˆ . . . Ai´1 ˆ Ai`1 ˆ

. . . ˆ AN stands for the strategy profile pα1, . . . , αi´1, α, αi`1, . . . , αN q. Also, if ϕ is
any function ϕ : A Q α ÞÑ ϕpαq P R, we shall use the same notation ϕ if for a given
player i P rN s, we re-order the arguments and evaluate the function at the strategy profile
α “ pαi,α´iq, using the notation ϕpαi,α´iq.

This section is devoted to the presentation of the important class of potential games. It
was introduced by Monderer and Shapley in 1996.

Definition 1.12 A game G “
`

rN s, pAiqi“1,¨¨¨ ,N , pJ
iqi“1...N

˘

is said to be a Potential
Game if there exists a map ϕ : A Q α ÞÑ ϕpαq P R, called a potential function, such that
for every player i P rN s, and any α´i P A´i, we have:

J ipβ,α´iq ´ J ipα,α´iq “ ϕpβ,α´iq ´ ϕpα,α´iq, @α, β P Ai (1.12)

In words, this definition means that the change in a single player’s cost function due to
a change in their own strategy only, is given by exactly the same change of the potential
function ϕ.

Remark 1.13 If the sets of admissible strategies pAiqi“1,...,N are intervals in R and each
cost function J i is continuous and differentiable, then the fact that the game is a potential
game means that for every i P rN s we have:

B

Bαi
J ipα,α´iq “

B

Bαi
ϕpα,α´iq, α P Ai,α´i P A´i.

In the set-up of the above remark, standard calculus can be used to prove the following
characterization.

Theorem 1.14 Let G “
`

rN s, pAiqi“1,¨¨¨ ,N , pJ
iqi“1...N

˘

be a game in which the strategy
sets Ai are intervals of real numbers and let us assume that the cost functions are twice
continuously differentiable. Then G is a potential game if and only if:

B2J i

BαiBαj
“

B2Jj

BαiBαj
, for every i, j P t1, . . . , Nu. (1.13)

Moreover, if the cost functionals satisfy (1.13) and α0 is an arbitrary strategy profile in A,
then a potential for G is given by the function:

ϕpαq “
N
ÿ

i“1

ż 1

0

pβiq1ptq
BJ i

Bαi
`

βptq
˘

dt (1.14)

where β : r0, 1s Ñ A is any piecewise continuously differentiable path in A that connects
α0 to α (i.e. βp0q “ α0 and βp1q “ α).
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The interested reader can find a proof in [26, Theorem 4.5].

Important Consequence of the Definition
If ϕ is a potential function for a game G “

`

rN s, pAiqi“1,¨¨¨ ,N , pJ
iqi“1...N

˘

and if

α˚ P arg inf
αPA

ϕpαq,

then for any i P rN s and any α P A´i,

J ipα,α˚´iq ´ J ipα˚,i,α˚´iq “ ϕpα,α˚´iq ´ ϕpα˚,i,α˚´iq ě 0, (1.15)

which shows that α˚ is a Nash equilibrium for the game. Conversely, if α˚ is a Nash
equilibrium, it is clear that for each i P rN s, α˚i is a minimum for the function Ai Q α ÞÑ
ϕpα, α˚´iq, which in many cases will be enough to conclude that α˚ is a minimum of ϕ.

Consequences

• If Ai is finite for every i P rN s, so is the number of admissible strategies α P A and
there is at least one Nash equilibrium when the game is potential.

• If A is compact and the potential function ϕ is continuous, then there exists a Nash
equilibrium.

• Moreover, if A is convex and ϕ is strictly convex, then the Nash equilibrium is unique.

Definition 1.15 A sequence pαnqně0 of strategy profiles is called a path if for every n ě 0
, αn`1 is obtained from αn by allowing one player, say in P rN s, to change they strategy.

For example, if αinn changes into β P Ain , then the strategy profile αn changes to a
new strategy profile αn`1:

αn “ pα
1
n, . . . , α

N
n q ÝÑ αn`1 :“ pα1

n, . . . , α
in´1
n , β, αin`1

n , . . . , αNn q.

Definition 1.16 A path is called an improvement path if

J inpαn`1q ă J inpαnq.

The following result is quite useful when the set of feasible strategies are finite.

Proposition 1.17 The end-point of any finite improvement path is a Nash equilibrium.

Proof: Let pαnq0ďnďk be a finite improvement path. If αk is not a Nash equilibrium, then there
exists a player ipkq who can deviate from α

ipkq
k and lower they cost by using a different strategy, say

βipkq. Consequently, we could add the strategy profile pβipkq,α´ipkqk q to the path and extend it while
still improving the cost. This is a contradiction. ˝

Remark 1.18 Obviously, myopic best response dynamics, or even better response dynam-
ics, whether they are deterministic or random, create improvement paths.So for finite po-
tential games for which the set A of strategy profiles is finite, every improvement path is
finite and every sequence of better or best responses converge to a Nash equilibrium. While
attractive in principle, this result does not always lead to a practical algorithm to compute
Nash equilibria because the cardinality of the set A may be very large and the search for
improvements may be slow.
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Algorithmic Computation of Equilibria
As long as we are concentrating on game models for which the set A of admissible

strategy profiles is finite, it is easy to design an algorithm to compute Nash equilibria in
pure strategies for potential games.

Algorithm 1 Computation of a Pure Nash Equilibrium for a Potential Game
Choose an initial value α0 P A (arbitrary)
Set ` “ 0
while α` is not a Nash Equilibrium do

Find a player i` and an admissible action α P Ai` such that J i`pα,α´i`i`
q ă J i`pαi`q

Set α``1 “ pα,α
´i`
i`
q

Set ` “ `` 1
end while
Return α`

1.2.1 Approximate Nash Equilibria

Prompted by the previous remarks, the following notion of approximate Nash equilibrium
is often used to alleviate the computational difficulties.

Definition 1.19 If ε ą 0, a strategy profile α˚ P A is said to be an ε-approximate Nash
equilibrium if:

@i P rN s, J ipα˚q ď J ipα,α˚´iq ` ε, for all α P Ai.

Clearly, if ε ą 0 and if the cost functions J i are bounded (or equivalently if the potential
function is bounded):

• every ε-improvement path (for which each step reduces the cost by an amount at least
ε) is finite;

• every better response or best response ε-improvement path converges to an ε-Nash equi-
librium in a finite number of steps.

The next result shows that a potential function, if it exists, is uniquely determined up to a
constant.

Proposition 1.20 The potential function is determined up to a constant. In other words, if
ϕ1 andϕ2 are potential functions for the same potential game G “ prN s, pAiqi“1,...,N , pJ

iqi“1,...,N q,
then there exists a constant c P R such that

ϕ1 “ ϕ2 ` c.

Proof: Pick an arbitrary α0
“ pα0,1, . . . , α0,N

q P A, then define a function H : A Q α “

pα1, . . . , αN q ÞÑ Hpαq P R by



1.2 Potential Games 13

Hpαq “
N
ÿ

i“1

J ipαiq ´ J
i
pαi`1q (1.16)

whereα1 “ α, andαi`1 “ pα
0,1, . . . , α0,i, αi`1, . . . , αN q for i “ 1, . . . N´1, andαN`1 “ α

0.
If ϕ1 and ϕ2 are potential functions, we can have

Hpαq “ ϕ1pαq ´ ϕ1pα
0
q, and Hpαq “ ϕ2pαq ´ ϕ2pα

0
q.

Let c “ ϕ1pα
0
q ´ ϕ2pα

0
q, the conclusion then follows. ˝

1.2.2 Example 1: Cournot Competition

Let us assume that N firms, labelled by the integer numbers in t1, . . . , Nu produce the
same good which they try to sell on the market. The quantity produced by firm i is denoted
by a positive real number qi P r0,8q. The choice of such a quantity is the control of
a firm on the economy outcome. The production profile of these firms is then denoted
by q “ pq1, . . . , qN q P r0,8qN . The cost for producing q units of good (q can be real
numbers) is the same for all the firms. It is given by a function c : r0,8q Q q ÞÑ cpqq P R.
We denote by Q the total production in the economy, i.e.

Q “
N
ÿ

i“1

qi.

The price p of the product is determined using a time honored procedure in economics:
satisfying a clearing constraint by matching supply and demand on the market. This is
one by positing an inverse demand function f : r0,8q Ñ R, in which case the clearing
condition reads, ppqq “ fpQq. For the sake of simplicity, we choose an affine function:

fpQq “ a´ bQ,

for some constants a, b ą 0. Each firm i P rN s tries to minimize its costs as given by cost
functions J i representing the negative of the net revenues generated from its production
and its sales. More precisely, the cost function J i : r0,8qN Ñ R is given by:

J ipqq “ ´
“

ppqq ¨ qi ´ cpqiq
‰

“ cpqiq ´ aqi ` bqi
N
ÿ

j“1

qj .

The Cournot competition game is a potential game. In order to prove this claim, we com-
pute the partial derivative B2J i{BqiBqj for every i, j P t1, . . . , Nu. From the above defini-
tion of the cost functions, it is easy to see that:

B2J ipqq

BqiBqj
“

B

Bqi
pbqiq “ b “

B2Jjpqq

BqiBqj
, @ i, j P t1, . . . Nu, @ q P r0,8qN .

which proves that the Cournot competition game is a potential game. Moreover, we can
also use Rosenthal’s result to construct a potential function:

ϕpqq “
N
ÿ

i“1

ż 1

0

pβiptqq1
B2J i

Bqi
pβiptq,β´iptqqdt
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from a linear path β : r0, 1s Q t ÞÑ βptq “ tq P r0,8qN . A straight computation gives:

pβptqiq1 “ qi, and
J ipβptqq

Bqi
“
Bcptqiq

Bqi
´ a` 2btqi ` bt

N
ÿ

j‰i

qj

so that

ϕpqq “
N
ÿ

i“1

cpqiq´a
N
ÿ

i“1

qi`b
N
ÿ

i“1

¨pqiq2`
b

2

N
ÿ

i“1

qi
N
ÿ

j‰i

qj .

1.2.3 Example 2: Congestion Games

Here, we list the major components of a static congestion game. We shall revisit this class
of game models in next chapter under the name of network congestion games when a
specific graph structure is underpinning the game model. For the time being, we assume
that a congestion game model comprises:

• N players enumerated by t1, . . . , Nu.
• A set of resources denoted by E.
• For each player i P rN s, a set Ai of feasible strategies such that Ai Ď 2E the collection

of subsets of E. Namely, for player i, a strategy αi P Ai is a set of resources αi Ď E.
As usual, we denote by A “ A1ˆ . . . AN the collection of feasible strategy profiles for
the N players.

• For each resource e P E, a load function ke : A Ñ t0, . . . , Nu defined as kepαq “
|ti; e P αiu| giving, for every strategy profile α P A the number of players using the
resource e.

• For each resource e P E, a cost function ce : t0, . . . , Nu Ñ R.
• For each strategy profile α P A, player i experiences a cost J ipαq defined as the sum

of the costs associated to the resources they are using, the cost for each such resource
being a function of the number of agents using this particular resource. Mathematically,
this means:

J ipαq “
ÿ

ePαi

cepkepαqq. (1.17)

We denote such a congestion game of N players by the t-uple

pE, pAiqi“1,¨¨¨ ,N , pceqePE , pkeqePE , pJ
iqi“1,...,N q.

We shall study the important class of network congestion games in the next chapter. They
are also known under the name of undirected Shapley design games. The following exis-
tence result is the most important theoretical result on this class of games. It is due to R.W.
Rosenthal in 1973 [33].

Proposition 1.21 Every congestion game with a finite set of resources has a pure Nash
equilibrium.
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Proof: We first prove that the function:

ϕpαq “
ÿ

ePE

kepαq
ÿ

k“1

cepkq (1.18)

is a potential function for the game. For every α P A, i P t1, . . . , Nu, and α̃ P Ai,

ϕpα̃,α´iq “
ÿ

ePE

kepα̃,α
´iq

ÿ

k“1

cepkq

“
ÿ

ePE

˜

kepαq
ÿ

k“1

cepkq ` 1tePα̃zαiucepkepα̃,α
´i
qq ´ 1tePαizα̃iucepkepαqq

¸

“
ÿ

ePE

kepαq
ÿ

k“1

cepkq `
ÿ

ePα̃zαi

cepkepα̃,α
´i
qq ´

ÿ

ePαizα̃i

cepkepαqq

“
ÿ

ePE

kepαq
ÿ

k“1

cepkq `
ÿ

ePα̃

cepkepα̃,α
´i
qq ´

ÿ

ePαi

cepkepαqq

“ ϕpαq ` J ipα̃,α´iq ´ J ipαq (1.19)

which proves that ϕ is indeed a potential function for the game. To conclude the proof, we construct a
finite improvement path. Recall the result of Proposition 1.17 and Algorithm 1. Let α0,α1,α2, ¨ ¨ ¨

of strategy profiles such that for each ` “ 0, 1, 2, ¨ ¨ ¨ there is a player i` such thatα``1 “ pα,α
´i`
i`
q

for some α P Ai` such that J i`pα,α´i`i`
q ă J i`pαi`q. Then, the sequence ϕpαi` is strictly de-

creasing, and since the set A is finite, this sequence must terminate after a finite number of steps.
˝

1.3 STRATEGIC GAME ZOOLOGY 101

The remaining of this chapter is devoted to a mathematical classification of the various
(finite) strategic games, at least of those models of interest to us in these lectures.

Definition 1.22 An N -player strategic game G “ prN s, pAiqi“1,¨¨¨ ,N , pJ
iqi“1,...,N q is

said to be:
‚ a coordination game if:

@i, j P t1, . . . , Nu,@α P A, J ipαq “ Jjpαq : (1.20)

‚ a dummy game if:

@i P t1, . . . , Nu,@α P A,@α̃ P Ai, J ipαq “ J ipα̃,α´1q. (1.21)

Our first theoretical result identifies potential games as aggregates of games of the
above types.



16 1 A Crash Course on Static Games

Proposition 1.23 An N -player strategic game G “ prN s, pAiqi“1,¨¨¨ ,N , pJ
iqi“1,...,N q

is a potential game if and only if there exist N -tuples of functions pϕci qi“1,...,N and
pϕdi qi“1,...,N such that: for every i P t1, . . . , Nu:

J i “ ϕci ` ϕ
d
i

and

• the game ppAiqi“1,¨¨¨ ,N , pϕ
c
i qi“1,...,N q is a coordination game;

• the game ppAiqi“1,¨¨¨ ,N , pϕ
d
i qi“1,...,N q is a dummy game.

Proof: pðq: Let ϕ be a potential function for the original game, and define for all i P t1, . . . , Nu
and α P A the functions ϕci and ϕdi by:

"

ϕci pαq “ ϕpαq

ϕdi pαq “ J ipαq ´ ϕpαq.

Clearly J i “ ϕci `ϕ
d
i by definition. Moreover, ϕci pαq “ ϕcjpαq for all i ‰ j, proving that the game

ppAiqi“1,¨¨¨ ,N , pϕ
c
i qi“1,...,N q is a coordination game. Finally:

ϕdi pαq ´ ϕ
d
i pα,α

´i
q “ ϕpαq ` ϕpα,α´iq ` J ipαq ´ J ipα,α´iq “ 0

since ϕ is a potential function for the original game, proving that ppAiqi“1,¨¨¨ ,N , pϕ
d
i qi“1,...,N q is a

dummy game.
pñq: We define the function ϕ by ϕ “ ϕci for any i P rN s. Such a function ϕ is a potential

function for the original game because, if i P rN s and α P A, for any α P Ai we have:

J ipαq ´ J ipα,α´iq “ ϕci pαq ` ϕ
d
i pαq ´ ϕ

c
i pα,α

´i
q ´ ϕdi pα,α

´i
q

“ ϕci pαq ´ ϕ
c
i pα,α

´i
q

“ ϕpαq ´ ϕpα,α´iq

which proves the desired result. ˝

We now introduce the notion of isomorphism between games which will allow us to
classify game models.

Definition 1.24 Two N -player games, G “ prN s, pAiqi“1,¨¨¨ ,N , pJ
iqi“1,...,N q and

G1 “ prN s, pA1iqi“1,¨¨¨ ,N , pJ
1iqi“1,...,N q are said to be isomorphic if there exists N bijec-

tive mappings tφiui“1...,N :

φi : Ai Q αi ÞÑ φipα
iq P A1i

satisfying for every i P t1, . . . , Nu and every α “ pα1, . . . , αnq P A,

J ipα1, . . . , αN q “ J 1
i
pφ1pα

iq, . . . , φN pα
N qq.

With this definition in hand we can prove the first classification result.

Proposition 1.25 1. Every coordination game is isomorphic to a congestion game.
2. Every dummy game is isomorphic to a congestion game.
3. Every potential game is isomorphic to a congestion game.
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Proof:

1. Let G “ prN s, pAiqi“1,¨¨¨ ,N , pJ
i
qi“1,...,N q be a coordination game and let us denote by

Jpαq “ J ipαq the cost function common to all players i P t1, . . . , Nu. We now construct
a congestion game pE, pA1iqi“1,¨¨¨ ,N , pceqePE , pkeqePE , pJ

1i
qi“1,...,N q isomorphic to the game

we started from by the following steps:
• each strategy profile α P A is associated to a different resource epαq. The collection of

resources is denoted by E “ tepαq;α P Au. In other words, the set E is indexed by the set
of strategy profiles;

• for each resource e “ epαq P E, we define its cost function ce : t0, . . . , Nu Ñ R by:

cepkq “ cepαqpkq “ 1tk“NuJpαq, k P t0, . . . , Nu;

• for each player i, the feasible strategy set A1i is defined by:

A1
i
“ tφipα

i
q : αi P Aiu

where the mapping φi : Ai Ñ 2E takes the form:

φipα
i
q “

ď

α´iPA´i

!

epαi,α´iq
)

, αi P Ai.

• for each player i, the cost function J 1i : A1 Ñ R is defined by

J 1
i
pα1q “

ÿ

ePα1i

cepkepα
1
qq,

where kepα1q “ |ti : e P α1iu| is the load function associated to resource e P E evaluated
at strategy profile α1 P A1.

By construction, pE, pA1iqi“1,¨¨¨ ,N , pceqePE , pkeqePE , pJ
1i
qi“1,...,N q is a congestion game. We

already used the notation A1 “ A1
1
ˆ . . . A1

N for the collection of strategy profiles for the N
players. To show that it is isomorphic to the game we started from, we notice first that by con-
struction, the mapping tφiui“1,...,N are bijective fromAi ontoA1i for every player i. Moreover,
for a given i P t1, . . . , Nu, for every resource e “ epβq P E with some β P A, and for every
strategy α1i “ φipα

i
qq P A1

i with some αi P Ai, we have

epβq “ e P α1
i
ðñ βi “ αi.

Thus, if a resource e “ epβq P E is fully loaded with a strategy profileα1 “ pφ1pα
1
q, . . . , φN pα

N
q P

A1 for some α “ pα1, . . . , αN q P A, we must have:

kepα
1
q “ N ðñ e “ epβq P α̃i, i “ 1, . . . , N

ðñ βi “ αi, i “ 1, . . . , N

ðñ β “ α

Finally, for every α P A, the cost function for player i evaluated at the strategy profile α1 “
pφ1pα

1
q, . . . , φN pα

N
qq P A1 satisfies

J 1
i
pα1q “

ÿ

ePα1i

cepkepα
1
qq “

ÿ

epβqPφipαiq

cepkepα̃qq “
ÿ

tepβqPE:βi“αiu

1kepβqpα̃q“N ¨ Jpβq

so that

J 1
i
pφ1pα

1
q, . . . , φN pα

N
qq “

ÿ

tepβqPE:βi“αiu

1β“α ¨ Jpβq “ Jpαq “ J ipαq,

which completes the proof of the desired isomorphism.
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2. Let G “ prN s, pAiqi“1,¨¨¨ ,N , pJ
i
qi“1,...,N q be a dummy game. For each i P rN s and each

α´i P A´i we introduce the resource epα´iq and the corresponding cost function cepα´iq
defined by:

cepα´iqpjq “

#

J ipα,α´iq if j “ 1

0 otherwise

for an arbitrary α P Ai whose choice does not really matter since we are dealing with a dummy
game. Let E be the set of resources introduced this way and for i P rN s and each αi P Ai let us
set:

φipα
i
q “

ď

α´iPA´i

tepα´iqu Y
ď

j‰i

ď

β´jPA´j ,αi‰βi

tepβ´ju

and as before:
A1
i
“ tφipα

i
q : αi P Aiu.

We now check that the game pE, pA1iqi“1,¨¨¨ ,N , pceqePE , pkeqePE , pJ
1i
qi“1,...,N q with A1 “

A1
1
ˆ . . . A1

N and
J 1
i
pα1q “

ÿ

ePα1i

cepkepα
1
qq,

which is a congestion game by construction, is in fact isomorphic to the game we started from.
Let i P rN s, αi P Ai, α´i P A´i and let us consider the strategy profile α “ pαi,α´iq P A.
We claim that for any resource e P E:

a) tj; e P φjpαjqu “ tiu if e “ epα´iq for some i;
b) |tj; e P φjpαjqu| ě 2 otherwise.

Notice that, by construction of φipαiq, we have epα´iq P φipαiq. So if j ‰ i:

epα´iq R
ď

β´jPA´j ,αi‰βi

tepβ´ju

and hence epα´iq R φjpαjq. On the other hand:

e P Ez
´

ď

i

tepα´iqu ñ e “ epβ´jq for some j P rN s and β´j P A´j

ñ e P φjpα
j
q.

Now since α´j ‰ β´j , there exists k P rN sztju with αk ‰ βk, implying that epβ´jq P
φkpα

k
q. Consequently, if α̃ “

`

φ1pα
1, ¨ ¨ ¨ , φN pα

N
q
˘

we must have:

J 1ipα̃q “
ÿ

ePφipαiq

ce
`

kepα̃q
˘

ÿ

β´iPA´i

cepβ´iq
`

kepβ´iqpα̃q
˘

`
ÿ

j‰i

ÿ

β´jPA´j ,βi‰βj

cepβ´iq
`

kepβ´iqpαq
˘

J ipαi,α´iq “ J ipαq

completing the proof of the desired isomorphism.
3. We now start from a potential game. We know from Proposition 1.23 that its cost functions can

be written in the form J i “ ϕdi ` ϕ
c
i in such a way that

prN s, pAiqi“1,¨¨¨ ,N , pϕ
c
i qi“1,...,N q prN s, pAiqi“1,¨¨¨ ,N , pϕ

d
i qi“1,...,N q

are a coordination and a dummy game respectively. From the first two steps of the proof, we
know that prN s, pAiqi“1,¨¨¨ ,N , pϕ

c
i qi“1,...,N q and prN s, pAiqi“1,¨¨¨ ,N , pϕ

d
i qi“1,...,N q are iso-

morphic to congestion games
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prN s, pA1iqi“1,¨¨¨ ,N , pJ
1i
qi“1,...,N q and prN s, pA2iqi“1,¨¨¨ ,N , pJ”iqi“1,...,N q

with resource spaces E1 and E”, and isomorphisms φ1i : Ai ÞÑ A1i and φ”i : Ai ÞÑ A”i

respectively. Without any loss of generality we can assume that E1 X E” “ H (otherwise, we
can rename some of the resources to get in such a situation). We set E “ E Y E” and to each
e P E we associate the cost associate to it as an element of E1 or E”. Next for each i P rN s we
define the function φi : Ai ÞÑ 2E by φipαiq “ φ1ipα

i
qYφ”ipα

i
q andA1i “ tφipαiq; αi P Aiu,

and if α1 “ pα11 Y α”1, . . . , α1N Y α”N q we set:

J 1pα1q “ J 1ipα11, . . . , α1N q ` J”ipα”1, . . . , α”N q.

Accordingly:

J 1i
`

φ1pα
1
q, ¨ ¨ ¨ , φN pα

N
q
˘

q “ J 1i
`

φ11pα
1
q, . . . , φ1N pα

N
q
˘

` J”i
`

φ”1pα
1
q, . . . , φ”N pα

N
q
˘

“ φdi pα
1, . . . , αN q ` φci pα

1, . . . , αN q

“ J ipα1, . . . , αN q

which completes the proof of the desired isomorphism and the proposition. ˝

1.4 APPENDIX: CORRESPONDENCES AND SELECTION THEOREMS

This appendix collects without proof a couple of abstract mathematical results which are
useful in proving existence and regularity of extrema when dealing with optimization prob-
lems.

Definition 1.26 A correspondenceϕ between two spaces S andX , denoted byϕ : S � X ,
is a map ϕ : S Ñ 2X , where 2X is the collection of all the subsets of X .

We said that S is the domain of ϕ, and X is the range space. The image of a set A Ă S
under ϕ is the set

ϕpAq “
ď

sPA

ϕpsq.

The range of a correspondence ϕ is the image of S. We can identify ϕ with its graph grpϕq,
the subset of S ˆX given by

grpϕq “ tps, xq P S ˆX : x P ϕpsqu.

Definition 1.27 A function ψ is a selection of ϕ if ψ : S Ñ X is such that for every s P S,
ψpsq P ϕpsq.

Remark 1.28 • One of the many differences between functions and correspondences is
the definition of inverse image. For a correspondence ϕ, two generalizations of the
inverse image of a set A Ă X are the “upper inverse” (also called the strong inverse),
which is defined as ϕupAq “ tx : ϕpxq Ă Au, and the “lower inverse” (or the weak
inverse) defined by ϕ`pAq “ tx : ϕpxq X A ‰ Hu. These two definitions of inverse
image for a correspondence give raise to two notions of continuity. A correspondence is
said to be “upper hemicontinuous” if the upper inverse image of any open set is open.
Similar definition for it to be “lower hemicoutinuous”.
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• Every correspondence ϕ : S � X has an inverse correspondence ϕ´1 : X � S
defined by

ϕ´1pxq “ ts P S : x P ϕpsqu “ ϕ`ptxuq, @x P X.

The set ϕ´1pxq is also called the lower section of ϕ at x.
• A correspondence ϕ : S � X between two topological vector spaces S and X is

said to be closed if its graph grpϕq is a closed subset of S ˆ X . A correspondence
ϕ : S � X is said to be closed-valued if ϕpsq is a closed set for every s P S.

• The notion of “upper hemicontinuous” comes in the Closed Graph theorem which
identifie the property of being closed and being upper hemicontinuous for a closed-
valued correspondence with compact Hausdorff range space. Moreover, the compact-
ness is preserved under upper hemicontinuous property, [1, Lemma 17.8].

Theorem 1.29 (Kakutani-Fan-Glicksberg fixed point theorem) Let K be a non-empty
compact convex subset of a topological Hausdorff vector space. Let ϕ : K � K be a
correspondence such that ϕpkq is non-empty and convex for all k P K, and ϕ is closed
(grpϕq is closed in K ˆ K). Then the set of fixed points tk : k P ϕpkqu is a non-empty
compact set.

We shall use several times a minimization theorem of a topological nature. It is known
under the name of Berge’s maximum theorem [1, Theorem 17.31], stated here for a mini-
mum.

Theorem 1.30 (Berge Minimum Selection Theorem) LetX and Y be topological spaces,
let ϕ : X � Y be a correspondence between X and Y with non-empty compact values,
and let f : grpϕq Ñ R be a continuous function. We define

mpxq “ inf
yPϕpxq

fpx, yq,

and

µpxq “ arg inf
yPϕpxq

fpx, yq “

"

z P ϕpxq : fpx, zq “ inf
yPϕpxq

fpx, yq

*

.

Then,

1. m is continuous;
2. µ has non-empty compact values.

We conclude this appendix with the statement of a selection theorem which we shall
use in the sequel.

Definition 1.31 A function f : S ˆX Ñ R is a Carathéodory function if

• for all s P S, x ÞÑ fps, xq is continuous,
• and for all x P X , s ÞÑ fps, xq is measurable.

A correspondence ϕ : S � X is weakly measurable if ps, xq ÞÑ δps, xq “ dpx, ϕpsqq is
Carathéodory.



Theorem 1.32 (Minimum Selection Theorem) Let pS, dq be a measurable space, X a
separable metric space, and ϕ : S � X a weakly measurable correspondence with non-
empty compact values. Let f : S ˆ X Ñ R be a Carathéodory function. We define the
value function m : S Ñ R by

mpsq “ inf
xPϕpsq

fps, xq, (1.22)

and the correspondence µ : S � X of minimizers by

µpsq “

"

x P ϕpsq; fps, xq “ inf
yPϕpsq

fps, yq

*

. (1.23)

Then

1. s ÞÑ mpsq is S-measurable;
2. s ÞÑ µpsq has non-empty compact values;
3. s ÞÑ µpsq has a measurable selection.

21





2

Introduction to Graphs & Network Games

2.1 MINIMALIST INTRODUCTION TO FINITE GRAPHS

2.1.1 Basic Notations

An undirected graph G consists of a non-empty finite set V of elements called vertices
(or nodes), and a finite set E of unordered pairs of vertices called edges. To include the
case of directed graphs under the same notation set, we shall often writeE Ă V ˆV even if
technically speaking,V ˆV is the set of ordered pairs. An undirected graph with a vertex set
V and an edge set E will be denoted G “ pV,Eq. We will often use the labels 1, 2, . . . , N
to represent the nodes or vertices so that V “ t1, 2, . . . , Nu, sometimes denoted V “ rN s,
and accordingly, an edge will be an unordered pair ti, ju for i, j P V . We say that node i is
“connected” to node j if ti, ju P E. Note that this notation can be a source of confusion as
the edges are unordered. In other words an edge is a “set” with two elements and it should
be denoted ti, ju instead of pi, jq since the order does not matter. Also, notice that we shall
work only with graphs without loops in the sense that pi, iq will never be an edge.

We say that two vertices i and j of a graph G are adjacent if there is an edge joining
them, namely ti, ju P E, and the vertices i and j are then incident with such an edge. The
degree of a vertex i of G, denoted dpiq, is the number of edges incident with i.

A useful tool in the analysis of a finite graph G “ pV,Eq is its adjacency matrix
ApGq “ ra

pGq
ij si,jPV . If a graph G has N vertices, its adjacency matrix ApGq is defined as

the N ˆ N matrix whose ij ´ th entry indicates if there is an edge between vertex i and
vertex j. To be specific:

a
pGq
ij “

"

1 if ti, ju P E
0 o.w. (2.1)

Notice that, as long as we are dealing with undirected graphs, the adjacency matrix ApGq is
symmetric.

Remark 2.1 In some models, the entries of the adjacency matrix are real numbers. In
these cases, the entry apGqij is intended to give the actual strength of the connection between

vertices i and j. Unless specified otherwise, we shall assume that the entries apGqij of the
adjacendy matrix are either 0 or 1.
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As usual in linear algebra, the spectrum of a matrix A, denoted by ΣpAq, is the col-
lection of the eigenvalues of A. As we already noticed, by definition of an undirected
graph, the adjacency matrix ApGq is symmetric, so its eigenvalues are all real numbers.
Thus, the spectrum of the adjacency matrix ApGq associated to the graph G with N ver-
tices is a subset of R. It has exactly N elements if we count the eigenvalues repeating
them according to their multiplicity. We denote by λmaxpApGqq “ maxtΣpApGqqu and
λminpA

pGqq “ mintΣpApGqqu the maximum and minimum eigenvalues of ApGq.

2.1.2 Measures of Centrality

One fundamental problem in network analysis is to identify important nodes in complex
networks. Different measures of importance or centrality have been proposed to achieve
this objective. We review a few of the centrality measures which we shall use in these
lectures.

Typically, measures of centrality try to quantify the importance of a node based on
the importance of the nodes it is connected to, including the neighbor nodes, the two-hop
neighbors, the three-hop neighbors, . . .. Notice that, since apGqij “ 0 or 1, we have:

”

`

ApGq
˘2
ı

ij
“

N
ÿ

k“1

a
pGq
ik a

pGq
kj

which is equal to the number of paths from vertex i to vertex i with one hop. Similarly

”

`

ApGq
˘3
ı

ij
“

N
ÿ

k,`“1

a
pGq
ik a

pGq
k` a

pGq
`j

which is equal to the number of paths from vertex i to vertex i with two hops. More gen-
erally,

“

pApGqq`
‰

i,j
‰ 0 if and only if there exists a path joining vertex i to vertex j with

exactly ` ´ 1 hops. We should keep these simple facts in mind to understand the rationale
behind the definitions of the following measures of centrality.

Katz centrality [22]:

Definition 2.2 LetG “ pV,Eq be an undirected graph withN nodes and adjacency matrix
ApGq, and let a be an arbitrary positive parameter strictly smaller than 1{λmaxpA

pGqq.
Then the Katz centrality of G is defined as:

kapiq “
8
ÿ

k“1

N
ÿ

j“1

ˆ

ak
”

`

ApGq
˘k
ı

ij

˙

, for all i P V. (2.2)

ka can be viewed as a function on the set V of nodes, or equivalently as an N -vector
ka “ rkapiqsi“1,¨¨¨ ,N . We shall denote by 1N the N -vector with entries all equal to 1.

Since
”

`

ApGq
˘k
ı

ij
is equal to the i-th entry of the vector

”

`

ApGq
˘k
ı

1N , we can rewrite the

definition of the Katz centrality as:
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ka “
8
ÿ

k“1

ak
`

ApGq
˘k
1N “ aApGq1N ` a

2
`

ApGq
˘2
1N ` a

3
`

ApGq
˘3
1N ` ¨ ¨ ¨ .

Since 0 ă a ă 1{λmaxpA
pGqq, the matrix IN ´ aApGq is invertible and its value is given

by the series expansion:

rIN ´ aA
pGqs´1 “ IN ` aA

pGq ` a2rApGqs2 ` a3rApGqs3 ` ¨ ¨ ¨

which proves that the Katz centrality measure can be rewritten as:

ka “
`

rIN ´ aA
pGqs´1 ´ IN

˘

1N ´ 1N

and if we use the fact that

rIN ´ aA
pGqska “ 1N ´ rIN ´ aA

pGqs1N “ aApGq1N

we get:

ka “ a
“

IN ´ aA
pGq

‰´1
ApGq1N .

We shall often skip the subscript N from the notations IN and 1N when there will be no
ambiguity concerning the dimension.

Bonacich centrality and Degree centrality [6]:

Definition 2.3 Let a, b be arbitrary parameters such that b ă 1{λmaxpA
pGqq. The Bonacich

centrality measure is defined implicitly as the solution of the equation:

ba,bpiq “
N
ÿ

j“1

pa` bba,bpjqq ¨ a
pGq
ij . (2.3)

In matrix notation, if we use the notation ba,b for the vector ba,b “ rba,bpiqsi“1,¨¨¨ ,N , the
equation used in the definition states:

ba,b “ aApGq1` bApGqba,b (2.4)

which can be rewritten as:
rI ´ bApGqsba,b “ aApGq1 (2.5)

which implies that, since the assumption implies that I ´ bApGq is invertible:

ba,b “ a
´

I ´ bApGq
¯´1

ApGq1 (2.6)

The parameter b in the Bonacich centrality measure is a form of radius of influence allowing
us to scale up or down the range of nodes effectually influencing the score. The role of the
parameter a is not much more than a normalization factor. In fact, it is often chosen so that:
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}ba,b}
2
2 “

N
ÿ

i“1

|ba,b|
2 “ 1.

Notice that:

• If a “ 1, b “ 0, we then have b1,0 “ ApGq1, so that b1,0piq “ dpiq is the degree
of vertex i (namely the number of nodes immediately connected to i). For this reason,
b1,0 is often called the degree centrality;;

• if b ą 0, ba,bpiq measures the degree of connection to well connected nodes;
• if b ă 0, ba,bpiq measures the degree of connection to weakly connected (less central)

nodes.

Eigenvector centrality [7] [8] This idea behind the eigenvector centrality is to give a high
score to a node if it is connected to other nodes with high scores.

Definition 2.4 If λ ą 0 is fixed, we define the eigenvector centrality measure of a node i
as:

vpiq “
1

λ

N
ÿ

j“1

a
pGq
ij vpjq (2.7)

In other words, the importance of node i is proportional to the sum of the importances of
its neighbors. In matrix notation, the vector v of centralities satisfies:

λv “ ApGqv (2.8)

which shows that λ is an eigenvalue and v is an associated eigenvector for the adjacency
matrix ApGq. A natural requirement we may want to impose on a measure is to be non-
negative. For this reason, we choose λ “ λmaxpA

pGqq the maximal eigenvalue of ApGq,
because in this case, one can find an eigenvector with non-negative entries. This is essen-
tially the statement of the classical Perron-Frobenius theorem in matrix theory.

Other measures of centrality. There are many other measures of centrality, and they
have been put to good use in specific applications. Beyond degree, Katz, Bonacich and
eigenvector measures, betweenness and closedness measures of centrality have also been
used with some success. Moreover, there are also well known extensions to directed graphs
such as the measure of prestige influence and the famous Google page rank measure [29]
that ranks the importance of web pages in online searches.

2.1.3 Density and Sparsity

Roughly speaking, a graph is said to be dense when the number of its edges is of the
same order as the maximal number of edges it could have given the number of vertices. In
contrast, a graph is said to be sparse if it only has a small number of edges. These definitions
are vague and need some work to become rigorous mathematical definitions.

Definition 2.5 The density dpGq of a graph G “ pV,Eq is defined as the ratio

dpGq “
|E|
`

|V |
2

˘
“

2|E|

|V |p|V | ´ 1q
. (2.9)
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If we wanted to define the notions of density and sparsity for a fixed graph, we could say
that a graph G is dense if dpGq ą 1{2 and that it is sparse if dpGq ă 1{2. However, we
would like to define and use these notions for large graphs as asymptotic properties of the
density. Essentially dense graphs are graphs for which the average degree grows like the
number of vertices. We shall give a more precise definition later on.

Definition 2.6 A sequence pGnqně1 of graphs with limnÑ8 |V pGnq| “ 8 is said to be
sparse if

|EpGnq| P O
`

|V pGnq|
˘

as nÑ8.

The sequence is said to be dense if

|EpGnq| P O
`

|V pGnq|
2
˘

as nÑ8.

For example, if Gn has n nodes and the degree of each node is a fixed constant, say k, then
|EpGnq| „ k|V pGnq| and the sequence is sparse. On the other hand, if the degree of each
node is a fixed fraction γ of n, then |EpGnq| „ γ|V pGnq|

2 and the sequence is dense.

2.2 RANDOM GRAPHS

We now review simple examples of random graph models which will play an important role
in the sequel, providing examples and counter-examples to some of the abstract limiting
theory touted for the analysis of large networks.

2.2.1 Erdös-Renyi Graphs

At this early stage of our discussion of games over graphs, we only present two types of
simple random graph models which are referred to as Erdös-Rényi because these authors
introduced and studied them in a series of papers in the sixties. See for example [13].

• Given two integers N and M , consider the set Ω of graphs with N vertices and M
edges. The random graph model GpN,Mq is obtained by sampling the elements of Ω
with the same probability equal to

p “
1

|Ω|
“

ˆ

`

N
2

˘

M

˙´1

.

• Even though this model of random graphs is usually referred to as the Erdös-Rényi
graph model, it was independently and simultaneously proposed by Gillbert. See [15].
Given a set of N (fixed, non-random) vertices, assume that edges are present or absent,
independently of each other, with the same probability p P r0, 1s. This kind of random
graph is denoted byGpN, pq. Its set of edges is denoted byEpGpN, pqq. In theGpN, pq
model, the number of edges is random. Its expectation is:

ErEpGpN, pqqs “ p

ˆ

N
2

˙

.
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Notice also that for a given integer M , the random graph GpN, pq has exactly M edges
with probability:

P
“

|EpGpN, pqqq| “M
‰

“ pM p1´ pqNpN´1q{2´M .

2.2.2 Stochastic Block Model

We now described the stochastic block model introduced in 1983 by Holland, Laskey and
Leinhardt in [18]. The building blocks of the model are:

• an integer N representing the number of vertices rN s :“ t1, ¨ ¨ ¨ , Nu;
• an integer n P t1, ¨ ¨ ¨ , Nu representing the number of communities (of vertices);
• p “ pp1, . . . , pnq a probability vector on rns :“ t1, . . . , nu (the prior on the n com-

munities). So the pk are non-negative real numbers summing up to one, i.e.
ř

pk “ 1.
They represent a prior probability on the communities.

• aN -tuple pciqi“1,¨¨¨ ,N of rns-valued independent identically distributed (i.i.d. for short)
random variables with values in rns and common probability distribution p. In particu-
lar for i P t1, ¨ ¨ ¨ , Nu, Prci “ ks “ pk for all k P t1, ¨ ¨ ¨ , nu. For each sample of the
i.i.d. random variables, c1, ¨ ¨ ¨ , cN , we define the partition C “ tC1, ¨ ¨ ¨ , Cnu of the set
rN s “ t1, ¨ ¨ ¨ , Nu of vertices into n disjoint subsets given byCk “ ti P rN s; ci “ ku.
The elements of this (random) partition are called communities. Notice that Npk is the
expected number of elements in the k-th community, i.e. Er|Ck|s “ Npk.

• a symmetric nˆ n matrix p̃ “ rpk,`sk,`“1,¨¨¨ ,n of real numbers in the interval r0, 1s;

With all these elements in hand, the stochastic block model is defined in the following
way.

Definition 2.7 For positive integers N and n ď N , a probability vector p of dimension
n, and a symmetric n ˆ n matrix p̃ with entries in r0, 1s, samples of the stochastic block
model, SBMpN,n,p, p̃q in notation, are generated in the following way. After each of the
N vertices is assigned a community label in rns :“ t1, . . . , nu independently of each other
and with probability given by the community prior p, conditional on this prior assignment,
all pairs ti, ju of vertices are considered independently of each others, and a vertex i P Ck
is connected to a vertex j P C` with probability p̃k,`.

In other words, a random sample G is drawn under SBMpN,n,p, p̃q if c is a random
variable in rnsN with i.i.d. components pciqi“1,¨¨¨ ,N with common distribution p, and G “
pt1, . . . , Nu, EpGqq is anN -vertex simple graph where vertices i and j are connected with
probability p̃ci,cj , independently of other pairs of vertices. Even more explicitly:

Prci “ ks “ pk, i P rN s and k P rns,

and
Preij P EpGq|cs “ p̃ci,cj , i, j P rN s.

As already explained earlier, the (random) partition by community sets C “ tC1, . . . , Cnu
can be defined for each k P rns by Ck “ Ckpcq :“ ti P rN s; ci “ ku.

Examples.
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• If p̃k,` “ p for some fixed number p P r0, 1s, then the partition in communities is
irrelevant and the stochastic block model gives the Erdös-Rényi model GpN, pq.

• Let us assume that p and q are given numbers in r0, 1s, let n ď N , and let us define the
matrix p̃ by:

p̃k,l “

"

p if k “ l
q if k ‰ l

In this case:
– two vertices in the same community share an edge with probability p;
– two vertices in different communities share an edge with probability q;
We recover the so-called planted partition model which is said to be assortative if
p ą q, and disassortative if p ă q.

The stochastic block model has been the object of very many theoretical and statistical
analyses. In its study, a major challenge is to design algorithms which given a sample
graph, can detect if the sample comes from a Erdös-Rényi model or a generic stochastic
block model. Also, active research is concerned with the determination of the community
structure from graph samples.

For the sake of completeness we give the formulas providing the probabilities of the
sample graphs and their communities. For example, if x P rnsN it is clear that we have:

Prc “ xs “
N
ź

i“1

pxi “
n
ź

k“1

p
|Ckpxq|
k (2.10)

Moreover, if We define a vector y P t0, 1up
N
2 q such that yij “ 1eijPEpGq for any i, j P

t1, . . . , Nu, then:

PrEpGq “ y|c “ xs “
ź

1ďiďjďN

p̃yijxi,xj p1´ p̃xi,xj q
1´yij (2.11)

“
ź

1ďkď`ďn

p̃
Nk,`px,yq
k,` p1´ p̃k,`q

Nck,`px,yq (2.12)

where:

Nk,`px,yq “
ÿ

iăj,xi“k,xj“`

1tyij“1u (2.13)

N c
k,`px,yq “

ÿ

iăj,xi“k,xj“`

1tyij“0u “ |Ckpxq| ¨ |C`pxq| ´Nk,`px,yq, k ‰ l(2.14)

N c
k,kpx,yq “

ÿ

iăj,xi“xj“k

1tyij“0u “

ˆ

|Ckpxq|

2

˙

´Nk,kpx,yq (2.15)

2.3 NETWORK GAMES

There are several natural ways to bring together graphs and games into a single model.
A first natural possibility is to identify the N players/agents to the nodes V “ rN s “
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t1, ¨ ¨ ¨ , Nu of a graph, the presence of an edge between two nodes signaling a direct inter-
action between the corresponding players. A class of network games of a different nature
occurs when the graph underpinning the game has a physical significance, like for example
in the routing games, the players being independent individuals who cannot be identified
to the nodes of the physical graph, and being in much larger numbers than the vertices in
most applications. We shall study instances of both classes of network games.

2.3.1 Graph Interaction Games

Let us consider a graph G “ pV,Eq with a vertex set V “ rN s representing N different
agents, and an edge set E Ă V ˆ V , the adjacency matrix being denoted by ApGq.

Next, we consider here an N player strategic game and we identify the players with the
nodes of the graph G. For each player i, the set of actions that they are allowed to choose
is denoted by Ai, assumed to be a subset of Rki for some ki ą 0. Next, we introduce the
product A “ A1 ˆ A2 ˆ ¨ ¨ ¨ ˆ AN and we call its elements α “ pα1, α2, . . . , αN q with
αi P Apiq strategy profiles.

Looking at the nature of the cost functions J i of the different players i P V , one can
see the first idiosyncrasy of games over a graph. Indeed, while the cost function of player
i P V is still of the form

J i : A Q α ÞÑ J ipαq “ J ipαi,α´iq P R

the dependence on the second argument is usually on αG,´i “ pαjqj‰i,apGqij ‰0
, namely the

actions of the immediate neighbors j of player i in the graph.
As for the notions of best response and Nash equilibrium, they are identical to those

introduced in the previous chapter.

2.3.2 A First Example of Nash Equilibrium

For each player i P rN s, let us assume that Ai “ R and consider the cost function:

J ipαi,α´iq “ fi
`

αi ´ αi,0 ` δ
ÿ

j‰i

a
pGq
ij αj

˘

` gipα
´iq (2.16)

where:

• fi : R ÞÑ R is even (i.e. fp´xq “ fpxq),
– fi is decreasing on p´8, 0s,
– fi is increasing on r0,8q;

• δ gives the strength of the interaction between players (increasing with δ);
• αi,0 is an (autarkic) action preferred by player i in the absence of any interaction be-

tween players (i.e. when δ “ 0).
• gi can be a general function.

By plain differentiation we see that for any i P t1, . . . , Nu, if α´i is given, the best
response of player i is:
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bripα´iq “ αi,0 ´ δ ¨
ÿ

j‰i

a
pGq
ij ¨ αj (2.17)

since the minimum of f is attained at 0. In words, player i compares their autarkic action to
the average of the actions of her neighbors, their best response being the difference between
the two. A Nash equilibrium being a fixed point of the best response function, α˚ P A is a
Nash equilibrium if it satisfies:

α˚i “ αi,0 ´ δ ¨
ÿ

j‰i

a
pGq
ij ¨ α˚j , i “ 1, ¨ ¨ ¨ , N. (2.18)

This is a system of N equations with N unknowns. We study the case of unconstrained
actions, i.e. when Ai “ R for all i P rN s, later on. However, Ai can be smaller. For
example, one has |Ai| “ 2 in games with binary actions, typically when the action of
a player is to adopt or not to adopt, like in games modeling new technology adoption,
or vaccination, etc. Other types of constraints can be accommodated. For example if the
actions αi can only be non-negative, then Ai “ r0,8q and the fixed point equation for a
Nash equilibrium becomes:

α˚i “ max
´

0, αi,0 ´ δ ¨
ÿ

j‰i

a
pGq
ij ¨ α˚j

¯

, i “ 1, ¨ ¨ ¨ , N,

or when αi is limited to be in a bounded interval, say Ai “ r0, Ls, in which case one has
to solve a system of equations:

α˚i “ min
”

L,max
´

0, αi,0 ´ δ ¨
ÿ

j‰i

a
pGq
ij ¨ α˚j

¯ı

, i “ 1, ¨ ¨ ¨ , N.

Unconstrained Action Games

We close this subsection with the analysis of the unconstrained case for which Ai “ R for
all i “ 1, ¨ ¨ ¨ , N .

Using the fact that apGqii “ 0 because we do not want our graph to have simple loops, we
see that the system ofN equations (2.18) characterizing Nash equilibriums can be rewritten
in matrix form as:

rI` δApGqsα˚ “ α0

from which we deduce:
α˚ “ rI` δApGqs´1α0

provided the matrix I` δApGq is invertible, which will be the case if |δ| is small enough to
guarantee the convergence of the Taylor series expansion:

rI` δApGqs´1 “ I´ δApGq ` δ2pApGqq2 ` ¨ ¨ ¨ ` p´1qnδnpApGqqn ` ¨ ¨ ¨ .

Remember that the adjacency matrix ApGq captures the geometry of the network structure
of the graph underpinning the interactions, and δ captures the cost impact.

Further, we assume that the game is symmetric by assuming that αi,0 “ α0 P R for all
i P t1, . . . , Nu. Since α0 “ α01, we have:
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α˚ “ α0rI` δApGqs´11

“ α0
´

I´ rI` δApGqs´1rI` δApGqs ` rI` δApGqs´1
¯

1

“ α0
´

I´ δrI` δApGqs´1ApGq
¯

1

“ α0p1´ bδ,´δq (2.19)

where ba,b is the Bonacich centrality measure.

So in the symmetric case, the unique Nash equilibrium is entirely determined by the
graph structure as given by the Bonacich centrality measure since:

α˚ “ α0p1´ bδ,´δq

and that it is independent of the specific forms of the cost functions fi and gi.

Remark 2.8 In equation (2.17),

• if δ ă 0, the best response bri of player i is increasing in the actions of their neighbors.
The game is called a game with strategic complements, as the actions chosen by the
different players mutually reinforce one another.

• if δ ą 0, bri is decreasing in the actions of their neighbors. The game is called a
game with strategic substitutes, as the actions chosen by the players mutually offset
one another.

Remark 2.9 The simple relationship which we identified between equilibrium actions and
Bonacich centrality does not hold in general for heterogenous agents when the symmetry
assumption is not satisfied. Still, if all the agents change their autarkic actions αi0 by the
same amount, say α0 ÞÑ α0 ` α1, then the change in the Nash equilibrium in still given
by the Bonacich centrality since:

α˚pα0 ` α1q ´α˚pα0q “ αp1´ bδ,´δq.

2.3.3 Network Congestion Games

We revisit the class of congestion games introduced in Subsection 1.2.3 and add a graph
structure to the model. Recall that congestion games with a finite set of resources are po-
tential games and have pure Nash equilibria, see Proposition 1.21 and that coordination,
dummy and potential games are isomorphic to congestion games, recall Proposition 1.25.

In this subsection, we consider an N player game, the set of players being t1, . . . , Nu.
We also assume the presence of a graph G “ pV,Eq, we view each edge e P E as a
resource, and we define a mapping c : E Q e ÞÑ cpeq P R representing the cost for using
edge e P E. We also assume that to each player i P t1, . . . , Nu is associated an ordered
pair of two vertices psi, tiq P V ˆV and that the set of feasible strategies for player i is the
collection of paths of the graph G from vertex si to ti:

Ai “ tα Ă E; α is a path from si to tiu.
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For each strategy profile α “ pα1, ¨ ¨ ¨ , αN q P A “ A1 ˆ ¨ ¨ ¨ ˆAN we let

epαq “
N
ď

i“1

αi (2.20)

be the set of all the paths used in α by all the players. For every e P E, we define a load
function ke : A Q α ÞÑ kepαq P t0, . . . , Nu by:

kepαq “ |
 

i P t1, ¨ ¨ ¨ , Nu; e P αi
(

|.

It gives the number of players using the edge e in α. To each player i P t1, . . . , Nu, we
associate the cost function J i : A Q α ÞÑ J ipαq P R given by:

J ipαq “
ÿ

ePαi

cpeq

kepαq
.

The network with these cost functions tJ iui“1...,N is called a cost sharing network since
the cost of an edge is divided by the number of players using the edge. For each edge e P E,
we define the cost function ce : t0, . . . , Nu ÞÑ R defined as

cepkq “
cpeq

k
, @k “ 1, . . . , N, and cep0q “ 0,

then we can see that the game is indeed a congestion game in the sense introduced in
Subsection 1.2.3. We call it a network congestion game.

In this spirit, we define the social cost forN players employing a strategy profileα P A
as the sum of individual costs of each player incurred by taking collectively the strategy
profile α, namely:

Jpαq “
N
ÿ

i“1

J ipαq.

and using the function e : A Q αÑ epαq P 2E defined by (2.20) we see that:

Jpαq “
N
ÿ

i“1

J ipαq “
ÿ

i“1

ÿ

ePαi

cpeq

kepαq
“

ÿ

ePepαq

kepαq
cpeq

kepαq
“

ÿ

ePepαq

cpeq

and the proof of Proposition 1.21 shows that this function J is a potential function for the
game pA1 ˆ . . .ˆAN , tJ iui“1,...,N q defined above.

2.3.4 The Braess Paradox

This paradox is usually presented with lighter notation. Still, we chose to introduce it as
an instance of the models of the above section, hence the heavier than necessary notation.
We consider the graph G “ pV “ ts, t, a, bu, E “ tesa, eat, esb, ebtuq. One should think
of the node s as the start of a trip and t as the terminal location (target) of the trip. To go
from s to t, cars have to go through city a or city b. Ignoring the dashed vertical arrow, the
diagram below gives a representation of the possible itineraries.
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s

a

t

b

The edges of the graph give the individual legs of the
possible trips. We assume that there is an even num-
ber N (we shall use N “ 100 for the purpose of il-
lustration) of car traveling simultaneously from s to
t. Each of them has an identical feasible strategy set
A0 “ ttesa, eatu, tesb, ebtuu. For edges e P E, we
define the cost functions:

cesapkq “ cebtpkq “ k, ceatpkq “ cesbpkq “ c, @

for k P t0, . . . , 100u, k being the number of cars trav-
eling through the edge.

In words, the cost incurred for traveling through edges esa and ebt is proportional to the
number of cars on the edge. They are drawn as thick arrows in the above plot. On the other
end, the cost incurred for traveling on edges esb and eat is constant. We should think ot the
cost as the travel time to drive from point s to point t. The cost function of traveler i P rN s
is defined as:

J ipαq “
ÿ

ePαi

cepkepαqq “

"

cesapkesapαqq ` ceatpkeatpαqq if αi “ tesa, eatu
cesbpkesbpαqq ` cebtpkebtpαqq if αi “ tesb, ebtu.

(2.21)
Thus,

J ipαq “ c` the number of cars going through the same route as car i

“ c`
N
ÿ

j“1

1αj“αi (2.22)

Proposition 2.10 α˚ P A is a Nash equilibrium if and only if 50% of cars go through path
tesa, eatu and the other 50% on path tesb, ebtu. More precisely

α˚ P A is a Nash equilibrium ô
ˇ

ˇ

 

i : α˚,i “ tesa, eatu
(
ˇ

ˇ “
N

2

Proof: Let α˚ P A such that
ˇ

ˇ

 

i : α˚,i “ tesa, eatu
(
ˇ

ˇ “ N{2. Then for any rider i P t1, . . . , Nu,
assume w.l.o.g. that she goes through path α˚,i “ tesa, eatu. The cost is:

J ipα˚q “ c`
N
ÿ

j“1

1α˚,j“α˚,i “ c`
N

2
.

If she changes to path α̃ “ tssb, ebtu, then her cost becomes:

J ipα̃,α˚,´iq “ c`

˜

ÿ

j‰i

1α˚,j“α̃ ` 1

¸

“ c`
N

2
` 1.

This show that α˚ is a Nash equilibrium.
Inversely, for any Nash equilibrium α˚ P A, we must have for every i P t1, . . . , Nu and every

α̃ P A0,
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J ipα˚q ď J ipα̃,α˚,´iq,

namely
N
ÿ

j“1

1α˚,j“α˚,i ď
N
ÿ

j“1

1α˚,j“α̃.

Since there are only two strategies in A0, we denote by α̃´ the alternative strategy in the set A0

compared to α̃. We must have for every i P t1, . . . , Nu

2
N
ÿ

j“1

1α˚,j“α˚,i ď
N
ÿ

j“1

1α˚,j“α̃ `
N
ÿ

j“1

1α˚,j“α̃´ “ N. (2.23)

Thus, there must exists another car k P t1, . . . , Nu such that α˚,k ‰ α˚,i, so that we also have

N
ÿ

j“1

1α˚,j‰α˚,i “
N
ÿ

j“1

1α˚,j“α˚,k ď
N

2
.

On the other hand
N
ÿ

j“1

1α˚,j“α˚,i `
N
ÿ

j“1

1α˚,j‰α˚,i “ N

so that the inequality (2.23) holds for an arbitrary i P t1, . . . , Nu, namely
ˇ

ˇ

ˇ

!

j : α˚,j “ α˚,i
)
ˇ

ˇ

ˇ
“
N

2
.

Again, because there is only two strategy in A0, we have
ˇ

ˇ

ˇ

!

i : α˚,i “ tesa, eatu
)
ˇ

ˇ

ˇ
“
N

2
.

which completes the proof. ˝

Remark 2.11 1. The above Nash equilibrium is unique up to a permutation of the travelers
within each group.

2. Notice that if k1 drivers choose the route tesa, eatu and k2 drivers choose the route
tesb, ebtu, then the aggregate travel time (the social cost in the terminology of Definition
1.3) is

k1pk1 ` cq ` k2pk2 ` cq “ 2k2
1 ´ 2Nk1 `N

2 ` cN

which is minimum for k1 “ N{2, in which case the social cost is cN ` N2{2 and the
average travel time per driver is c ` N{2 which is the same cost as the individual cost
in the Nash equilibrium identified above. In other words, according to Definition 1.4, the
Price of Anarchy is one, i.e. PoA “ 1.

Now we get to the actual paradox by adding a new route (edge) between vertices a and
b, denoted by eab, and we assign absolutely no cost to the use of this edge, i.e. ceabpkq “ 0
for every k P N. In terms of travel time, one could imagine that Elon Musk’s Boring
Company finally delivered by constructing a tunnel from a to b in which cars could instantly
beamed from a to b.

Back from the future, in what follow we assume c ą N . For the sake of definiteness we
choose c “ N ` 1. In any case, the new feasible strategy set, still denoted by A0, is now:



A0 “ ttesa, eatu, tesb, ebtu, tesa, eab, ebtuu.

In this new set up, if we choose a driver i P rN s and define the integers k1, k2 and k3 by:

k1 “ |tj ‰ i; αj “ tesa, eatuu, k2 “ |tj ‰ i; αj “ tesb, ebtuu

k3 “ |tj ‰ i; αj “ tesa, eab, ebtuu

so that k1 ` k2 ` k3 “ N ´ 1, the travel time (cost) of driver i is

• 1` k1 ` k3 ` c “ N ` c´ k2 if αi “ tsa, atu;
• c` 1` k2 ` k3 “ N ` c´ k1 if αi “ tsa, atu;
• 1` k1 ` k3 ` 1` k2 ` k3 “ N ` 1` k3 if αi “ tsa, ab, btu.

From this, we easily deduce that the unique (uniqueness taken in the same sense as before)
Nash equilibrium α˚ P A is when all the cars travel on tesa, eab, ebtu, in which case the
individual travel time is 2N which is strictly greater than c`N{2 as long as c ă 3N{2. A
first facet of the paradox is that even though the addition of an extra leg with no travel time
could be viewed as an improvement, the drivers in a Nash equilibrium experience a signif-
icantly worse outcome: everybody is worse off in the present situation. This example is an
illustration that in some cases, Nash equilibria lead to unnatural and undesirable outcomes.

The social cost is minimized in the same way as before, the drivers splitting themselves
between the two itineraries as if the extra link had not been added, so the minimal per driver
travel time (i.e. social cost) is c`N{2. As a result, the Price of Anarchy is given by:

PoA “
2N

c`N{2
“

1

4
`

c

2N

which could be arbitrary close to 4{3 if c P pN, 3N{2q is close to N . As argued before,
PoA says how worse Nash equilibria can be when compared to a social optimum.

36
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Games with Incomplete Information and Auctions

The purpose of this chapter is to discuss games with incomplete information and study the
most frequently used models for auctions. It is important to emphasize that incomplete in-
formation is different from imperfect information. A perfect information game assumes that
each player knows everything perfectly (the spaces of feasible actions, the cost functions,
etc.). This is the situation we considered so far. In an imperfect information setting, the
players still have information about the components of the game, but this information is not
complete. For instance, the information a player receives or acquires about the other play-
ers’ actions or cost functions may be noisy. However, in the incomplete information setting,
a single player does not see what the other players are doing.
In this chapter, we concentrate on problems with incomplete information. In particular, we
study in some detail the standard examples of auctions. We follow the approach initiated
by J. Harsanyi [16] whose fundamental contribution was rewarded with the Nobel Prize in
Economics which he shared with J. Nash and R. Selten in 1994.

3.1 BAYESIAN GAMES

We shall distinguish between information that is known a priori and information that is
acquired a posteriori. These are two elements of the model which could be stochastic.
There may be more. When compared with the game models considered so-far, Bayesian
games bring to the table a set of important new elements. First, nature can affect the costs
incurred by the players, and consequently their actions. The states of nature (or the world)
will be captured by the elements of a set Ω. Players do react to the state of the world
differently according to their types. So each player can be of a certain type in a set of
admissible types. The distribution of the states of the world and the types of the players
are weighted by prior probabilities. At the beginning of the game, a state of the world and
a profile of N types, one for each player, are drawn according to the prior probability.
Before making a decision and taking action, each player is informed of their own type,
but not of the types of the other players and the state of the world. Players choose actions
simultaneously, conditioned on the knowledge of their respective types. Then, they pay
their individual costs.

Definition 3.1 An N - player Bayesian game, denoted by GpΩ,Θ,A, Jq, consists of the
following elements:

• a set Ω comprising the states of the world;
• for each player i P rN s, a setΘi of types which we shall denote θi. We use the notation

Θ “ Θ1 ˆ ¨ ¨ ¨ ˆΘN for the product of the spaces of types of the individual players;



38 3 Games with Incomplete Information and Auctions

• a prior probability on Ω ˆΘ, denoted by ρ;
• for each player i P rN s, a set Ai of feasible actions. As usual, we denote by A “

A1 ˆ ¨ ¨ ¨ ˆAN the set of admissible strategy profiles;
• for each player i P rN s, a cost function J i : Ω ˆ Θ ˆ A Ñ R. The collection of all

cost functions pJ iqi“1,...,N is denoted by J .

We shall denote by PpΩˆΘq the set of probability measures on the product ΩˆΘ. There
is no ambiguity in this statement as long as both Ω and Θ are finite. If this is not the case,
we need to specify σ-fields of subsets of Ω and Θ for this set of probability measures to
be well defined. We shall disregard this issue in this chapter to avoid measure theoretic
complications. Even though many if not all the results of this chapter are true in greater
generality, we may want to think of the sets Ω and Θ as finite.

Definition 3.2 For every player i P rN s, a pure strategy αi, is a function from Θi into Ai.
The set of pure strategy for player i is denoted by Ai. A pure strategy profile, say α, is a
collection of N pure strategies, one for each player, namely

α “ pα1, . . . , αN q P A1 ˆ . . .ˆ AN .

The set of pure strategy profiles is denote by A “ A1 ˆ . . . ˆ AN . The Bayesian cost
incurred by player i is the real valued function Ĵ i : AÑ R defined by:

Ĵ ipαq “

ż

Ω

ż

Θ´i
J ipω,θ,αpθqqρpdω, dθ´i|θiq

where θ “ pθ1, . . . , θN q and αpθq “ pα1pθ1q, . . . , αN pθN qq.

Remark 3.3 In the above definition of the Bayesian cost incurred by player i, the integra-
tion is with respect to the conditional prior ρpdw, dθ´i|θiq to emphasize the fact that each
player is informed of their own type θi before making a decision.

Definition 3.4 A pure strategy profile α˚ P A is said to be a Bayesian Nash equilibrium
(BNE for short) of the Bayesian game GpΩ,Θ,A, Jq if for every i P t1, . . . , Nu and every
αi P Ai, we have

Ĵ ipα˚q ď Ĵ ipαi,α˚´iq

where pαi,α˚´iq “ pα1˚, . . . , αi´1˚, αi, αi`1˚, . . . , αN˚q.

Remark 3.5 1. Notice that the definition of a Bayesian Nash equilibrium uses the Bayesian
costs Ĵ i , namely the costs integrated with respect to the conditional prior probability. In
other words, this is a Nash equilibrium for the expanded game for which the feasible actions
are pure strategies in Ai instead of being mere actions in Ai.

2. Since a pure strategy is a map αi from Θi into Ai, one could define the notion of
Bayesian Nash equilibrium in mixed strategies by considering mixed strategies as maps
from Θi into the space PpAiq of probability measures on Ai. We shall use mixed strategies
extensively in Chapter 5 and Chapter 6

3. As defined, Bayesian games are not really games of incomplete information because
the sets A, Θ, the cost functions J and the prior are common knowledge to all the players.
Only the information about the realizations of the types are not shared. So these games
could be viewed as games of imperfect information.
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3.2 AUCTIONS

Let us now turn to auctions in which N agents who bid to buy an object. We consider
here a single-stage sealed-bid auctions in which players propose their bids individually and
simultaneously (sealed-bids). Depending on the bids, only one player, called the winner,
will get the object and this winner will have to face a certain cost to purchase the object.

Using the set-up and the definitions introduced above, we model this single-stage
sealed-bid auction as an N - player Bayesian game GpΘ,A, J, ρq. More precisely,

• there is no component Ω describing the state of the world;
• the type of player i is their valuation of the object, denoted by vi. We assume that there

is a maximum value v̄ so that θi P r0, v̄s for each i;
• the action of player i is their bid for the object, denoted by αi. The set of feasible actions

for player i is all positive bid, i.e. Ai “ r0,8q.
• We assume that, under the prior probability distribution on the types, all types (valua-

tions in the present situation) are i.i.d. with distribution ρ0 on r0,8q.

Remark 3.6 Notice that the prior probability which we denoted by ρ in the previous
section on our introduction to Bayesian games is here the product probability measure
ρ0 ˆ ¨ ¨ ¨ ˆ ρ0 of N copies of the probability measure ρ0 mentioned in the last bullet point
above. This common distribution ρ0 on r0,8q reflects a form of symmetry among all the ac-
tors involved in the auction. The auction models considered in this chapter can be viewed as
games with incomplete information because individual players do not know the valuations
(types) of the other players.

We now describe the auction mechanism, the choice of the winner, and the cost they
are required to face to acquire the object. While there are many different types of auctions,
those of interest to us in these lectures have the following in common.

• As we already mentioned, nature is not present in auction models and the first step is
the revelation of the types: each player receives the information about their valuation,
and nothing else.

• In the second step, players make their moves by simultaneously placing sealed bids for
the object.

• In the third step, the winner is chosen among the players who placed the highest bid,
and the winner pays for the object.

So we are only considering auctions for which the object goes to the highest bidder. In case
of a tie (several players proposed the same highest bid), the winner is chosen at random
among the highest bidders, with equal probabilities. As for the price the winner has to pay,
we shall consider two specific auction mechanisms which we shall study in detail in this
chapter.

• In a the first price auction the winner pays the highest bid, which is their own bid
since they won the auction.

• In a second price auction also called a Vickrey auction, the winner pays the second
highest bid.
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In any case, the winner needs to compare their payment for the object to their a priori val-
uation to decide whether or not the operation results in a net gain or net loss. We formalize
this point below in the mathematical definitions of these two types of auction.

There are many other types of auction beyond the above sealed-bid auction models.
In contrast, they are open format. Among the most popular, the English auction and the
Dutch auction stand out. The English auction is a multi-stage ascending auction. The
auctioneer starts from a very low price, and at each round, buyers accept the proposed
price and remain in the game, and go into the next round, or exit the game if the price is
regarded as already too high. The auctioneer increases the proposed price progressively at
each stage, and the last player remaining in the game wins. In contrast, the Dutch auction
is a multi-stage descending auction. It starts from a very high price and the proposed price
is lowered progressively until one of the players accepts the price. The first to do that wins
the auction and has to pay this specific price.

We shall not investigate these two types of auctions because in some rigorous sense
(which will not be elaborated in these lectures)

• Descending (Dutch) auctions are equivalent to First Price auctions
• Ascending (English) auctions are equivalent to Second Price auctions

Before we define mathematically the first and second price auctions as Bayesian games,
and proceed to the identification of large classes of equilibria, we introduce a class of
models for which the analysis can be pushed further.

3.2.1 Symmetric Auction Models

Definition 3.7 An N -player sealed-bid auction is said to be symmetric if:

• all players share a common type space Θ0 “ r0, vs, so that now, Θ “ pΘ0q
N ;

• all players share a common feasible action space A0 “ r0,8q, and the set of all
admissible strategy profile is A :“ pA0q

N ;
• all players use the same pure strategy, namely for any α “ pα1, . . . , αN q P A, there

exists a pure strategy α : Θ0 Ñ A0 such that αi “ α for all i P t1, . . . , Nu. The set of
all admissible common pure strategies is denoted by A0.

It is natural to assume that pure strategies in A0 are non-decreasing. Indeed, it is reason-
able to expect that the higher the valuation, the higher the bid should be. Also, and mostly
for the sake of convenience, we shall restrict ourselves to continuous and increasing pure
strategies. α P A0 is continuous if it is continuous on the open interval p0, v̄q, and left and
right continuous at 0 and v repectiveley, i.e.limθŒ0 αpθq “ αp0q and limθÔv̄ αpθq “ αpv̄q.

We denote by F : r0, vs Ñ r0, 1s the cumulative distribution function (c.d.f. for short)
of the individual prior probability ρ0 P Ppr0, vsq. Let us assume that player i wins the
auction. There would be no loss of generality assuming that i is a specific player, say 1,
because of the symmetry assumption. If all admissible pure strategies are continuous and
increasing, then for any α P A0, if we define α by αpθq “ pαpθ1q, ¨ ¨ ¨ , αpθN qq P A for
θ P pΘ0q

N , we have:

αpθiq ą max
j‰i

αpθjq ðñ θi ą max
j‰i

θj .
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Let us denote by Z the highest type of all other players (j ‰ i)

Z “ max
j‰i

θj ,

and by G : Θ0 Ñ r0, 1s its c.d.f. which, because of the symmetry assumption does not
depend upon the particular value of i. Since the types are i.i.d. for the prior probability, we
have:

Gpzq “ PrZ ď zs “ Prθj ď z, j ‰ is “ F pzqN´1.

Accordingly, the conditional expectation of Z given the event tZ ă θu for some θ P r0, vs
is given by:

ErZ|Z ă θs “
1

Gpθq

ż θ

0

z Gpdzq.

When studying auctions, our first concern will be to determine pure strategy profiles
forming a Bayesian Nash equilibrium. In doing so, we shall be concerned with the point of
view of the bidders. But we shall also take the point of view of the auctioneer and compute
the payment he or she can expect by running the auction. To this effect, we introduce the
following definition and notation.

Definition 3.8 Given a type profile θ P Θ, we denote by pipθq the payment from player i
to the auctioneer. Accordingly, we denote by Erpipθq|θis. the expected payment of player i
conditioned on the knowledge of their valuation θi.

3.2.2 Equilibrium Analysis of Vickrey Auctions

We first give a precise mathematical definition of this type of auction.

Definition 3.9 An N -player second price auction is a 4-tuple pΘ,A, J, ρ0q where:

• Θ “ Θ1 ˆ ¨ ¨ ¨ ˆΘN with Θi “ r0, vs for all i P rN s;
• ρ0 P Ppr0, vsq is the common individual valuation prior probability;
• A “ A1 ˆ ¨ ¨ ¨ ˆAN with Ai “ r0,8q for all i P rN s;
• J “ pJ iqi“1,¨¨¨ ,N where for each i P rN s, J i : Θi ˆ A Q pθi,αq ÞÑ J ipθi,αq P R is

defined by:

J ipθi,αq “

#

0 if αi ă αp1q

αp2q´θi
|tj|αj“maxk αku|

if αi “ αp1q

where αp1q “ maxk α
k and αp2q “ maxtαj : αj ă maxk α

ku.

In the above definition of the cost J i, the first line corresponds to a situation where player
i does not win the auction since thier bid αi is smaller than the highest bid, so their cost
is 0. The second line covers two different cases. If the bid αi of player i is strictly greater
than all the other bids, player i wins the auction and pays exactly αp2q to acquire the object.
To obtain their real cost, we subtract their valuation θi to this payment. The second case
covered by the second line is when player i is not the only one to have the highest bid. For
the sake of definiteness, we chose a specific convention to break the ties. We assume that
the winner is chosen via an independent draw, uniformly at random among the |tj|αj “
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maxk α
ku| players sharing the highest bid, and that the cost faced by player i is the expected

cost over this random draw given that as before, in case of winning, we subtract their
valuation to determine her actual cost.

Since we are in the framework of Bayesian games, a pure strategy for player i P rN s
is a function αi from Θi “ r0, vs intol Ai “ r0,8q. As before, we denote by Ai the set
of pure strategies for player i and by A “ A1 ˆ ¨ ¨ ¨ ˆ AN the set of pure strategy profiles.
Accordingly, the Bayesian costs are defined by the expectation (or multiple integral):

Ĵ ipαq “

ż

¨ ¨ ¨

ż

J i
`

θi,αpθq
˘

ρ0pdθ
1q ¨ ¨ ¨ ˇρ0pdθiq ¨ ¨ ¨ ρ0pdθN q (3.1)

where we used the notationαpθq for the strategy profile pα1pθ1q, ¨ ¨ ¨ , αN pθN qq, and where
the check ˇ over ρ0pdθ

iq indicates that this term ρ0pdθ
iq is not present, so the multiple

integral is only over the θj for j ‰ i. So except for θi which is known to player i, the types
θj for j ‰ i are regarded as independent random variables with common distribution given
by the prior probability ρ0 and the Bayesian cost integrate this randomness by including
the above multiple integrals in the cost to player i.

Remember that players try to maximize their individual rewards as quantified by the
difference between their valuation of the object and the actual price they have to pay for it,
or equivalently minimize the corresponding costs.

In a strategic game, an easy way to identify a Nash equilibrium is to find, when they
exist, dominant strategies for all the players. We define these strategies as follows in the
setting of the expanded Bayesian games.

Definition 3.10 For a single player i P rN s, a pure strategy α˚i P Ai is said to be a
dominant strategy if for every other pure strategy αi P Ai, and every α´i P A´i, we have:

Ĵ ipα˚i,α´iq ď Ĵ ipαi,α´iq.

In words, no matter what other players are doing, the Bayesian cost incurred by player i
using the pure strategy α˚i is no worse than the Bayesian cost when they pick another pure
strategy αi.

Clearly, the above definition implies the following simple identification of Bayesian
Nash equilibria.

Proposition 3.11 If α˚ “ pα˚1, ¨ ¨ ¨ , α˚N q is a pure strategy profile such that for each i P
rN s, α˚i P Ai is a dominant strategy for player i, then α˚ is a Bayesian Nash equilibrium
for the game.

Proof: Indeed, for each i P rN s and αi P Ai, we have:

Ĵ ipα˚i,α˚´iq ď Ĵ ipαi,α˚´iq

by definition of a dominant strategy for player i. This proves the desired claim. ˝

Theorem 3.12 In a second price auction GpΘ,A, J, ρ0q, for any player i P rN s, the pure
strategy α˚i P Ai defined by:

α˚ipθiq “ θi, @θi P Θi

is a dominant strategy for player i.
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In words, a dominant strategy for player i is to be truthful and bid their own valuation.
Note that according to Proposition 3.11, the auction is in a Bayesian Nash equilibrium if
all the players use this dominant strategy.
Proof: Let us choose a player i P rN s, αi P Ai a pure strategy for this player, α´i P A´i pure
strategies for the other players, θ “ pθ1, ¨ ¨ ¨ , θN q a set of types for all the players, and let us define:

β̂ :“ max
j‰i

α̂jpθjq.

We show that it is not profitable for player i to bid β ă θi. Indeed,

• if θi ą β ą β̂, player i winns the auction with net cost β̂ ´ θi, the same thing they would get by
bidding θi.

• if θi ą β “ β̂, player i may or may not get the object since k ě 2 players have the highest
bid. The expected (over the randomization needed to choose the winner) cost is pβ̂ ´ θiq{k, and
player i is worse off than by bidding θi;

• if β̂ ě θi ą β, neither θi nor β are strong enough bids to win the auction and the net cost to
player i is 0 for both bids;

• if θi ą β̂ ą β, bidding β is once more worse than bidding θi.

So irrespective of what the other players are doing, bidding β ă θi is worse than bidding θi. Simi-
larly, one shows that bids greater than θi are not any better. In conclusion, we showed that player i
bidding their own valuation θi is a dominant strategy. ˝

The previous result, together with Proposition 3.11 imply the following result.

Corollary 3.13 The pure strategy profile α˚ “ pα˚1, . . . , α˚N q satisfying

α˚ipθiq “ θi, @θi P Θi

for every i P rN s is a Bayesian Nash equilibrium for the Vickrey auction.

In other words, being truthful and bidding our own private valuation gives a Bayesian
Nash equilibrium. In the next subsection, we show that it is essentially the only such
Bayesian Nash equilibrium if one restrict ourself to a reasonable class of pure strategies.

Symmetric Equilibria

In this subsection, we restrict ourselves to pure common strategies in A0 which are non-
decreasing and continuous. We shall also assume that the prior of ρ0 P Ppr0, vsq has full
support in the sense that there is no open interval pa, bq Ď r0, vs such that ρppa, bqq “ 0.

Under these condition the truthful equilibrium identified earlier is the only Bayesian
Nash equilibria in this family.

Proposition 3.14 In a symmetric Vickrey auction, if the prior ρ0 is continuous and has full
support, the pure strategy profile α˚ P A defined by

α˚ipθq “ α˚pθq “ θ, @θ P r0,8q, i P rN s,

is the unique symmetric continuous increasing Bayesian Nash equilibrium.
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Proof: Let β̂ : r0, v̄s Ñ r0,8q be the common pure strategy mapping of a symmetric continuous
increasing Bayesian Nash equilibrium. We show that β̂pθq “ α˚pθq “ θ for all θ P r0,8q.

While the assumption of continuity of ρ0 is not needed for the result to be true, we added it to
make our life easier. Indeed, under this continuity assumption, since the valuations (types) are drawn
independently according to the prior distribution ρ0, no two valuations will be equal and we do not
have to worry about possible ties between the valuations, hence between the bids since we limit
ourselves to symmetric auctions given by increasing pure strategy functions.
˛ Step 1: we show that for every θ P r0, vs, β̂pθq ď θ. Otherwise, there must exist a θ P r0, vs such
that β̂pθq ą θ, and by continuity of β̂, there exists t P p0, θq such that β̂ptq ą θ. Choose a player
i P rN s. By symmetry, it does not matter which one.Then the full support assumption for ρ0 and the
independence of the individual prior probabilities imply that:

Pr@j ‰ i, θj P pt, θqs ą 0,

so if the type θi of player i were to be θ, player i would win the auction with positive probability
because β̂pθiq “ β̂pθq ą β̂pθjq for all j ‰ i since β̂ is increasing, and her net cost would be smaller
than if she had bid θ since β̂pθq ą θ. This would contradict the fact that we proved earlier that
bidding θ is a dominant strategy.
˛ Step 2: we show that for every θ P r0, vs, β̂pθq ě θ. Otherwise, there exists a θ P p0, v̄q such that
β̂pθq ă θ. If that is the case, again by continuity of β̂, there exists t P pθ, v̄q such that β̂ptq ă θ. As
before, we fix a player i P rN s and the full support assumption on ρ0 implies that:

Pr@j ‰ i, θj P p0, tqs ą 0,

so if the type θi of player i were to be θ, player i would not win the auction with positive probability
because β̂pθiq “ β̂pθq ă β̂pθjq for all j ‰ i since β̂ is increasing. Now if all the other players j ‰ i

keep the same bids β̂pθjq, by bidding θ instead of β̂pθq, player i would be better off. Indeed, since
for j ‰ i, θj ă t, we have β̂pθjq ă β̂ptq ă θ since β̂ is increasing, so player i would win the auction
by bidding θ and have a smaller cost than by bidding β̂pθq contradicting the fact that the symmetric
pure strategy profile given by the individual strategy function β̂ is a Bayesian Nash equilibrium. ˝

We conclude this section with the computation of the expected payment to the auction-
eer.

Proposition 3.15 In a sealed-bid symmetric second price auction Bayesian Nash equilib-
rium, the expected payment to the auctioneer is given by:

Erpipθq|θi “ θs “ GpθqErZ|Z ă θs (3.2)

which does not depend upon i because of the symmetry assumption.

Proof: The expected payment to the auctioneer by the winner, say i, equals the probability that iwins
the auction times the conditional expectation of the second highest bid. If the auction is symmetric
and with increasing and continuous admissible pure strategies, then

Erpipθq|θi “ θs “ P
“

α˚pθq ą max
j‰i

α˚pθjq
‰

E
“

max
j‰i

α˚pθjq|max
j‰i

α˚pθjq ă α˚pθq
‰

“ Prθ ą Zs ErZ|Z ă θs

“ GpθqErZ|Z ă θs

where the second equality is justified by the truthful bidding in second price auction. ˝
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3.2.3 Equilibrium Analysis of First Price Auctions

As in the case of Vickrey auctions, we first give a precise mathematical definition of the
model.

Definition 3.16 An N -player first price auction is a 4-tuple pΘ,A, J, ρ0q where Θ, A and
ρ0 are as above in the case of second price auctions, namely:

• Θ “ Θ1 ˆ ¨ ¨ ¨ ˆΘN with Θi “ r0, vs for all i “ 1, ¨ ¨ ¨ , N ;
• ρ0 P Ppr0, vsq is the common individual valuation prior probability;
• A “ A1 ˆ ¨ ¨ ¨ ˆAN with Ai “ r0,8q for all i “ 1, ¨ ¨ ¨ , N ;

and the individual costs are given by:

J ipθi,αq “

#

0 if αi ă αp1q

αi´θi
|tj|αj“maxk αku|

if αi “ αp1q

The sets of pure strategies Ai and the set A of pure strategy profiles are defined in the
same way, and the same goes for the Bayesian costs Ĵ i.

In order to simplify the analysis, we shall restrict ourselves from now on to symmetric
auctions with continuous and increasing individual common pure strategy functions. We
shall also assume that the common individual prior probability ρ0 is continuous. This rules
out ties and for that reason, the cost function for player i takes the form:

J ipθ,αq “ pαi ´ θiq1αiěmaxj‰i αj .

for all θ P pΘ0q
N and α P A.

Proposition 3.17 In a symmetric sealed-bid first price auction with a continuous common
individual prior probability ρ0, the pure strategy profile α˚ P A0 defined by:

α˚pθq “ ErZ|Z ă θs (3.3)

is the unique symmetric continuously differentiable increasing Bayesian Nash equilibrium.

Proof: In our search for Bayesian Nash equilibria, we consider only strategy profiles α “

pα1, ¨ ¨ ¨ , αN q where αi “ α for all i “ 1, ¨ ¨ ¨ , N with α : r0, vs ÞÑ r0,8q increasing and
continuously differentiable. For notational convenience, we restrict ourselves to cases where player 1
wins the auction. As explained earlier, this does not create any loss of generality in the proof because
of the symmetry assumption. Let β : r0, vs ÞÑ r0,8q be such an admissible strategy profile. We
assume that players 2, 3, ¨ ¨ ¨ , N use strategy β and we investigate when β happens to be the best
response of player 1 to these choices of the other players. If she wins with bid b “ βpθ1

q, then

b ą max
j‰1

βpθjq “ βpmax
j‰1

θjq

where the second equality comes from the monotonicity of the pure strategy α˚. So she wins if and
only if:

maxj‰1θ
j
ă β´1

pbq

since being increasing, β is invertible and its inverse is also monotone increasing and differentiable.
β will be the best response of player 1 if it minimizes her expected costs given her valuation θ1 and
the fact that the other players use strategy β. These expected costs are given by:
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Ĵ1
pβq “ ErJ1

pθ,βq|θ1
s

“ Erpβpθ1
q ´ θ1

q1βpθ1qěmaxj‰1 βpθ
jq

“ pb´ θ1
q ¨ Prβpθ1

q ě max
j‰1

βpθj |θ1
s

“ pb´ θ1
qGppβ´1

pbqq.

β is the best response when this function of b is minimized. The first order condition is obtained by
taking the derivative w.r.t. b, the derivative equals to 0 when θ˚ “ θ1 (FOC), namely

Gpβ´1
pbqq ` pb´ θ1

q
G1pβ´1

pbqq

β1pβ´1pbqq
“ 0,

and setting θ “ θ1, θ “ β´1
pbq or equivalently βpθq “ b, the first order condition rewrites:

0 “ Gpθqβ1pθq ` pβpθq ´ θqG1pθq

“ Gpθqβ1pθq ` βpθqG1pθq ´ θG1pθq

“ rβGs1pθq ´ θG1pθq

and integrating between 0 and θ we get: If α˚p0q “ 0, then we can have for every θ P Θ0,

´Gpθqβpθq `

ż θ

0

zGpzqdz “ 0.

and finally:

βpθq “
1

Gpθq

ż θ

0

zGpzqdz “ ErZ|Z ă θs.

Note that we used βp0q “ 0 which we can assume without any loss of generality because of the
symmetry assumption. In conclusion, we showed that any symmetric Bayesian Nash equilibrium in
continuously differentiable increasing pure strategy was necessarily given by the conditional expec-
tation (3.3). Conversely, one sees by running the argument backward that this conditional expectation
actually gives such an equilibrium. ˝

Remark 3.18 In the equilibrium determined above, the expected payment to the auctioneer
becomes

Erp1pθq|θ
1 “ θs “ α˚pθqGpθq

where the first term corresponds to the amount actually paid by the winner to the auctioneer,
and the second term corresponded to the probability that a player wins the auction. This
is exactly the same as the expected payment (3.2) found in the case of the Vickrey auction.
This is a particular case of the revenue equivalence theorem which we state without proof
next.

3.2.4 Revenue Equivalence

We conclude this chapter with an important result in the mathematical theory of auctions.
It is at the origin of many of the developments of the theory of mechanism design. We state
it without proof.

Theorem 3.19 For any sealed-bid auction where the object goes to the highest bidder,
if the types (values) are i.i.d. (in other words if the prior of the Bayesian game model
is a product of copies of the same distribution), and if the players are risk neutral (i.e.
maximize their own cost functions), then any Bayesian Nash equilibrium in pure symmetric
and increasing strategies gives the same expected payment to the auctioneer.



Remark 3.20 Even though we did not say it explicitly in the statement of the Revenue
Equivalence theorem, we need to need to restrict ourselves to strategies satisfying αp0q “
0, namely which bid nothing when the value is 0.
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4

Static Games with a Continuum of Players

The purpose of this chapter is to present the elements of the mathematical theory of games
with a continuum of players. These games are often called non-atomic games. In a first
section, we review the typical framework used in the existing literature, and we emphasize
the abstract mathematical nature of this framework. Next, we discuss graphon games. In
anticipation of the detailed presentation of the main results, we devote an entire section to
the basic facts from graphon theory. We then generalize the models of Bayesian games to
the continuum of players set-up and we introduce several specific models of games of co-
ordination and information acquisition which rely on the use of noisy signals. The chapter
ends with a discussion of the measure theoretical difficulties created by the manipulations
of a continuum of random variables, especially when we wish them to be statistically inde-
pendent, and we present the theory of Fubini extensions and the so-called exact law of large
numbers.

4.1 NON-ATOMIC GAMES

This section is devoted to the definition of non-atomic games and to the analysis of a spe-
cific subclass of models called anonymous games.

4.1.1 Generalities

The basic components of a non-atomic game comprise the following elements.

• A set of players: pI, I, λq is a probability space where I represents the set of players, I
is a σ-algebra of subsets of I viewed as coalitions, and λ is a probability measure that
quantifies the weights attached to the coalitions;

• A real separable Banach space E (for example C0pr0, 1sq, Rk, etc). It represents the set
of all possible actions / moves of the individual players;

• A function A : I Ñ 2E such that for λ - almost every i P I , Apiq is the set of feasible
actions for player i.

• A complete probability space pΩ,F ,Pq whereΩ represents the set of possible states of
nature, the σ-fieldF comprises the events of interest, and P is a probability distribution.

Here and in the following, we denote by 2E the set of subsets of E. We define the set of
admissible strategy profiles by

LA “ tα P L
1pI, I, λ;Eq; αpiq P Apiq for λ´ a.e. i P Iu,
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as the space of (equivalence classes of) λ-integrable functions from I into E which for
λ-a.e. i P I , take values in Apiq. When the Banach space E is infinite dimensional, we
use the notion of Bochner integral when we integrate functions with values in the Banach
space E. In particular, if α P LA is an admissible control, the quantity:

ż

I

αpiqdλpiq

which can be interpreted as an aggregate action, defines an element ofE. The reader unwill-
ing to deal with the generality of infinite dimensional Banach spaces can think of E “ Rk
and deal usual integrals only.

Definition 4.1 A preference function is a function Π : I ˆ Ω ˆ LA Q pi, ω,αq ÞÑ
Πpi, ω,αq P 2E such that:

Πpi, ω,αq Ă Apiq, for λ´ a.e. i P I and P´ a.e. ω P Ω.

For each i P I , the setΠpi, ω,αq represents the set of all actions that are feasible for player
i, and preferred to the actions αpiq P Apiq, given that the state of the world is ω P Ω and
the other players j ‰ i play with actions pαpjqqj‰i.

We assume that players first observe the state of nature ω P Ω, and then decide to take
actions according to a decision rule:

α : Ω Q ω ÞÑ αpωq P LA.

The introduction of the probability space pΩ,F ,Pq renders the strategy profiles α, and
hence the actions αpiq of the individual players random as they depend upon the state of
nature ω P Ω. In part because strategy profiles were only unambiguously defined for λ-
almost every player, we omit the effect of zero measure subsets of players in the definition
of equilibria.

Definition 4.2 A decision rule α˚ is a (random) Cournot-Nash equilibrium (CNE for
short) if for P-a.e. ω P Ω and λ´a.e. i P I

Πpi, ω,α˚pωqq “ H.

Example 4.3 Like in all the game models considered so far, let us assume that each player
i has a cost function J i : Ω ˆ Apiq ˆ LA Q pω, α

i,αq ÞÑ J ipω, αi,αq P R. If we adapt
the classical definition of a Nash equilibrium to this context, it is natural to say that α˚ is
a CNE if for P-a.e. ω P Ω and λ - a.e. i P I , we have for all αi P Apiq,

J ipω,α˚pωqpiq,α˚pωqq ď J ipω, αi,α˚pωqq.

This is consistent with above definition if for any decision rule α : Ω Ñ LA, we define for
λ-a.e. i P I and P-a.e. ω P Ω,

Πpi, ω,αq “
 

αi P Apiq; J ipω, αi,αq ă J ipω,αpωqpiq,αpωqq
(

.
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Remark 4.4 The terminology non-atomic is fully justified when hen the measure λ is con-
tinuous, i.e. when λptiuq “ 0 for all i P I . Recall that in measure theory an atom is defined
as a set A P I such that λpAq ą 0, and for any B Ď A and B P I, we have λpBq “ 0
or λpBq “ λpAq. Notice that then, I cannot be countable so we are dealing with a game
model with a continuum of players.

We can try to recast the set-up of games with finitely many players, say N , into the
current framework by setting I “ t1, . . . , Nu and defining the probability measure λ by
λpAq “ 1

N |A| for any A Ă I in which case:

ż

I

fpxqdλpxq “
1

N

N
ÿ

i“1

fpiq. (4.1)

However, such a measure λ is definitely not continuous since it has a discrete finite support
with N atoms.

For more on (static) non-atomic games the reader is referred to [35, 2, 3, 17, 25, 4].

4.1.2 Anonymous Games

We now introduce an important subclass of non-atomic games. It is especially important
because it predates and includes what we came to call Mean Field Games. For each admis-
sible profile α P LA, we denote by λα the push-forward of the measure λ by α. This is the
measure on E defined by:

λαpBq “ λpti P I; αpiq P Buq, B P BpEq

where BpEq denotes the Borel σ-field of E.

Remark 4.5 Technically speaking, the push forward is defined for an everywhere-defined
pI,BpEqq-measurable function α from I into E, the condition αpiq P Apiq for λ-almost
every i P I being only relevant to the game definition. However, it is clear that if α and
α1 are two such functions which are equal λ-almost everywhere in I , then the measures
which are pushed forward by α and α1 are the same. In other words, the measure λα only
depends upon the equivalent class of the strategy profile α.

The situation is simple in the case of finite player games. Indeed, in this case, the support
of the measure λ is the full set I “ t1, ¨ ¨ ¨ , Nu and λ is the normalized counting measure,
so that λαpBq is the proportion of players whose action is in B, that is λα is the empirical
measure of the action profile α since (4.1) implies:

ż

A

ϕpaqλαpdaq “

ż

I

ϕpαpiqqλpdiq “
1

N

N
ÿ

i“1

ϕpαpiqq.

Definition 4.6 We say that the game is anonymous if for every player i P I , there exists a
function J i : Ai ˆPpEq ÞÑ R such that for any given strategy profile α the cost to player
i is given by J ipαq “ J ipαpiq, λαq.



52 4 Non-atomic Games

In the case of a finitely many player anonymous game, the cost to a player is a function of
its own action and the empirical distribution of the actions of all the players. This is what
we called a game with mean field interactions.

In the case of anonymous games, the cost function J i, when evaluated at pαi, µq with
αi P Apiq and µ P PpEq, should be interpreted as the cost to player i when their action
is αi and they face the distribution µ of actions chosen by all the players. When λ is non-
atomic (continuous), the choice of action by player i does not affect this distribution, so we
can as well say that it is the distribution of the actions chosen by all the other players. The
following comments can be helpful in understanding the notion of anonymous games.

• Even though we did not include it in the above definition, it is possible to include the
state of nature ω P Ω in the above definition which accordingly, extends in an obvious
manner to this more general class of game models.

• As stated above, the cost function J i needs to be defined on the set PpEq of ALL the
probability measures on E. However, for the purpose of the analysis of the game, this
is demanding too much. Indeed, it is enough for the function J i to be defined on the set
of probability measures which happen to be the push-forward of an admissible strategy
profile in LA.

• While the cost function J i in a general non-atomic game usually depends upon the
state of nature ω, the action αi P Apiq of player i and the entire strategy profile α, in
an anonymous game, the dependence upon the strategy profile comes in through the
pushed forward measure λα only. Since in the case of finite player games the latter
is the empirical measure of the actions, we recover what we called game models with
mean field interactions.

As in the case of the general non-atomic games discussed earlier, we omit the effect of
zero measure subsets of players in the definition of equilibria.

Definition 4.7 An admissible strategy profile α˚ P LA is said to be a Nash equilibrium if

α˚piq P arg inf
αiPApiq

J ipαi, λα˚q (4.2)

for λ-almost every i P I . Accordingly, the distribution λα˚ is called a Nash (equilibrium)
distribution.

4.1.3 Existence of Nash Equilibria

The proof of general existence results for equilibria is beyond the scope of this first set of
lectures. We shall restrict ourselves to the graphon games discussed next.

Remark on Uniqueness. Inspired by the theory of stochastic differential mean field games
developed by Lasry and Lions, one can introduce a notion of monotonicity for the cost
functions, and under this monotonicity condition, it is possible to prove uniqueness of the
Nash equilibrium.
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4.2 INTRODUCTION TO GRAPHONS

The mathematical theory of graphons is concerned with the study of kernels on general
measure spaces when we view these kernels as limits of random finite graphs [19]. In its
most functional analytic form, it focuses on the spectral theory of the operators associated
to these kernels, especially when the kernels are symmetric (i.e. the graphs in question are
undirected), and the graph limits can be characterized and captured by the results of these
analyses. Here, we restrict ourselves to kernels on the special measure space given by the
unit interval r0, 1s, its Borel σ-field Br0,1s and the Lebesgue measure on r0, 1s. The most
important reference on the subject is still Lovász’s book [24].

First, we recall some standard results from functional analysis which we shall use freely
in our discussion of the abstract theory of graphons.

4.2.1 Functional Analysis Background

A Banach space is a complete normed linear vector space. Here, we shall only consider
separable Banach spaces. For such spaces, the Borel σ-field is the smallest σ-field con-
taining the balls. A Hilbert space is a Banach space whose norm is derived from an inner
product. We recall some standard properties of operators on Banach spaces, and we refer
to [34] or [31] for details, proofs and complements.

• A linear operator A : B1 Ñ B2 from a Banach space B1 into a Banach space B2 is
said to be bounded if there exists an M ą 0 such that for all f P B1,

}Af}B2 ďM}f}B1 , f P B1.

So a linear operator is bounded if the image of the unit ball is bounded, namely, it is
contained in a ball. The smallest of the constants M satisfying the above inequality is
called the norm of the operator. In other words:

}A} “ supt}Af} : f P H1, }f} ď 1u.

• We denote by LpB1, B2q the collection of all bounded linear operators from B1 into
B2. Clearly, it is a vector space. It is in fact a Banach space for the above norm. Notice
that for linear operators, being bounded or being continuous is the same thing.

• If B is a Banach space, a linear operator T P LpB,Bq is said to be invertible if there
exists S P LpB,Bq such that ST “ I “ TS where I denotes the identity operator of
B, that is If “ f for all f P B. In this case, we write S “ T´1. For linear operators,
we use the product notation ST for the composition of mappings, i.e. STf “ SrTf s
for f P B.

• T is invertible if and only if kerpT q “ tf P B : Tf “ 0u “ t0u and rgpT q “ tg P
B : D f P B, Tf “ gu “ B.

• If B1 and B2 are Banach spaces, a linear operator A : B1 Ñ B2 is said to be compact
if the closure in B2 of the image by A of the unit ball of B1 is compact in B2.

• The spectrum ΣpAq of an operator A P LpB,Bq is the set of all complex numbers λ
such that A ´ λI is not invertible. Thus, λ P ΣpAq if and only if at least one of the
following two statements is true:
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1. The range of A´ λI is not all of B (A is not surjective).
2. A´ λI is not one-to-one (A is not injective).
If T ´ λI is not one-to-one, then λ is said to be an eigenvalue of A and kerpT ´ λIq
is called the corresponding eigenspace associated to λ.

• If H is a Hilbert space, an operator A P LpH,Hq is said to be symmetric if ă
Af, g ą“ă f,Ag ą for all f and g in H . This is the natural generalization of the
notion of symmetric matrix. Not surprisingly, the spectrum of a symmetric operator is
a subset of the real line.

• If H is a Hilbert space, an operator A P LpH,Hq is said to be a Hilbert-Schmidt op-
erator if there exists an orthonormal basis tfiuiě1 of H and a set of square summable
complex numbers tλiuiě1 such that Afi “ λifi for all i ě 1.In other words, there
exists an orthonormal basis of eigenvectors of the operator A, the corresponding eigen-
values being square summable. Hilbert-Schmidt operators are compact.

In what follows, we shall use extensively the Lebesgue spaces on the unit interval, namely
the Banach spaces Lppr0, 1sq and Lppr0, 1s;Rkq for 1 ď p ď 8. Except for p “ 8, these
Banach spaces are separable. For p ă 8, Lppr0, 1s;Rkq is the space of (equivalence classes
of) measurable functions f on r0, 1s with values in Rk satisfying:

ż

r0,1s

|fpxq|p dx ă 8,

the norm }f}Lp of such a function f being defined as the power 1{p of the above integral.
Lppr0, 1sq is a short notation for the case k “ 1. L8pr0, 1s;Rkq is the space of (equivalence
classes of) essentially bounded measurable functions f on r0, 1swith values in Rk the norm
being the essential supremum of |fpxq| over x P r0, 1s. We shall use the same symbol | ¨ |
to denote the modulus of a complex number, the absolute value of a real number or the
Euclidean norm in Rk.

The case p “ 2 is very special because H “ L2pr0, 1s;Rkq is a Hilbert space for the
inner product xf, gy “

ş

r0,1s
fpxqJgpxqdx.

4.2.2 Graphon Theory

Recall that L2pr0, 1sq is the Hilbert space of square integrable real-valued functions de-
fined on r0, 1s, and L2pr0, 1s;Rkq is the space of square integrable Rk - valued functions
defined on r0, 1s. We shall denote them both by L2 when no confusion is possible. Square
integrability is understood with respect to the Lebesgue measure on r0, 1s and as usual, we
use the term function instead of equivalence class of almost everywhere equal functions for
the elements of these Hilbert spaces. The norms } ¨ }L2 of these Hilbert spaces were defined
earlier.

Recall that for any bounded linear operator A, we use the symbol ΣpAq to denote its
spectrum. As in previous chapters, the symbol 1N P RN denotes the vector of all ones,
and 1r0,1sp¨q the constant function equal to one on r0, 1s. Here, I will denote the identify
operator, most often of L2.

Part of the theory reviewed below applies to a general probability space pI, I, λIq, but
for the sake of definiteness, we shall use I “ r0, 1s, I “ BpIq its Borel σ-field, and λI the
Lebesgue measure.
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Definition 4.8 A kernel is an integrable measurable function k : r0, 1s ˆ r0, 1s Ñ R. We
shall say that k is a graphon if it is symmetric (i.e. kpx, yq “ kpy, xq for all x and y in I)
and with values in r0, 1s. The collection of graphons is denoted by W̃ .

In the context of graphon games which we shall study in the next section, the variable x P I
generalizes the notion of player, and kpx, yq will quantify the strength of the interaction
between player x and player y.

Definition 4.9 To each graphon w P W̃ , we associate the graphon operator Aw : L2 Ñ

L2 defined by:

rAwf spxq “

ż

r0,1s

wpx, yqfpyqdy, f P L2, x P r0, 1s. (4.3)

Notice that rAwf spxq is defined for every x P r0, 1s if w is defined everywhere, and that its
value does not change if f is replaced by a function which is equal to f almost everywhere.
Aw is a bounded operator on L2 and by definition, Aw is what is called a kernel operator.
In fact, sine w takes values in r0, 1s, Aw as defined by (4.3) can be viewed as a bounded
operator from Lp to Lq of norm at most 1 for every p, q P r0, 1s. Since the kernel w is
square integrable in the sense that:

ż

r0,1s

ż

r0,1s

|wpx, yq|2 dxdy ă 8,

Aw is a Hilbert-Schmidt operator on the Hilbert space L2. As such, its spectrum ΣpAwq
is a countable set of square summable eigenvalues λi , the sum of their squares giving the
square of the Hilbert-Schmidt norm of the operator Aw:

}Aw}2HS “
ÿ

iě1

|λi|
2 ă 8.

The function w being symmetric and real valued, the operator Aw is symmetric and as
a result, all of its eigenvalues are real. We shall use all these properties of the graphon
operator, and in particular, the fact that it is a compact operator.

Centrality Measure

We already hinted at an analogy between graphs and graphons. In this spirit one can define
the Bonacich centrality of a graphon as:

bλ “ rI ´ λA
ws´11r0,1s (4.4)

in other words, the resolvent operator evaluated at the constant function equal to 1. This
definition makes sense for λ P r0, 1{ρpAwqq where ρpAwq denotes the spectral radius of
the graphon operator Aw.
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4.2.3 Finite Graphs Naturally Associated to Graphons

Graphons should be thought of as finite graph limits. Incidentally, graphons can provide
natural procedures to generate sequences of deterministic finite graphs and samples from
random graph models as we are about to demonstrate. Also, we shall emphasize the fact
that finite graphs should be viewed as step function graphons.

Definition 4.10 We say that a graphon w : r0, 1s2 Ñ R is a step function if there is a
partition D “ tD1, . . . , Dnu of r0, 1s into measurable sets such that w is constant on
every product set Dk ˆ D`. In other words, if there exists a symmetric real matrix A “

pak`q1ďk,`ďN such that:

wpx, yq “ ak`, @px, yq P Dk ˆD`. (4.5)

The sets Dk ˆD` are called the steps of w.

Example 4.11 For each integer N we denote by DN “ tD1, . . . , DNu the regular parti-
tion of r0, 1s with Di “ r

i´1
N , iN q for i “ 1, . . . , N ´ 1, DN “ r

N´1
N , 1s.

Now if G “ pV,Eq is a graph with V “ rN s and ApGq “ pa
pGq
ij q1ďi,jďN is its ad-

jacency matrix, we use the regular partition DN of r0, 1s and define the graphon wpGq

by wpGqpx, yq “ a
pGq
ij if px, yq P Di ˆ Dj . Note that if all the entries of the matrix

ra
pGq
ij sij“1,¨¨¨ ,N are non-negative and not greater than 1, then wpGq P W̃0. Also, note that

these entries do not need to be 0 or 1.

We now explain how to construct random graph models from a graphon.

Definition 4.12 (Sampling procedure) Given a graphonw P W̃ and an integerN , for each
realization tuiui“1,...,N of i.i.d. random variables uniformly distributed on r0, 1s, we define
the weight matrix Aw as follows:

rAwsij “ 1i‰jwpui, ujq. (4.6)

Then, starting from Aw, we construct the random graph with set of vertices rN s “
t1, ¨ ¨ ¨ , Nu by connecting different vertices i and j with probability rAwsij “ wpui, ujq.
In other words, given the realizations tuiui“1,...,N , we have:

PrapGqij “ 1s “ rAwsij “ wpui, ujq.

Notice that rAwsij P r0, 1s while apGqij P t0, 1u.

• By definition of the above sampling procedure, for any p P r0, 1s, the constant graphon
wpx, yq “ p corresponds to the Erdos-Renyi random graph model GpN, pq with edge
probability p.

• If we consider a prior probability vector p P r0, 1sn with
ř

k pk “ 1, any step function
graphon wrns gives raise to a stochastic block model SBMpN, p,W rnsq. A sample
pX,Gq with xi P r0, 1s and G “ prN s, EpGqq can be characterized by the weight
adjacency matrix Aw computed from wrns.
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We now go back to the part where we explained how to see a graphon as a random
graph model. Given rN s “ t1, . . . , Nu, generate x1, . . . , xN i.i.d. Up0, 1q and let

a
pwq
i,j “

#

wpxi, xjq, if i ‰ j,

0, if i “ j.

We then define the random variables ai,j P t0, 1u such that Prai,j “ 1s “ a
pwq
i,j .

Let us now examine the sampling procedure if the graphon is a step graphon. So let
us assume that there exists a partition D “ tD1, . . . , Dnu of r0, 1s, and a symmet-
ric matrix p “ rpk,`sk,`“1,...,n of non-negative numbers such that wpx, yq “ pk,` if
px, yq P Dk,ˆD`. Set αk “ |Dk| for the Lebesgue measue of the st Dk. This is the
probability that a random variable Uk uniforrnly distributed over r0, 1s belongs Dk.
Then the above sampling proceddure for the step graphon w gives rise to the stochastic
block model. Indeed, the probability that there is an edge between the vertices i and j
is

Prai,j “ 1s “ probability there is an edge between i and j
“ wpui, ujq

“ pk` if uk P Ck and ` P C`,
“ pk` with probability αkα`

αkα` being the probability that tUk P Dk and U` P D`u if the uniform random
variables pUkq1ďkďn are independent.

4.2.4 Cut Norms

For each measurable function w on I ˆ I , we denote its LppI ˆ Iq - norm by }wp} for
p P r1,8q, i.e.

}w}p “
”

ż

IˆI

|wpx, yq|p dxdy
ı1{p

.

Obviously, this norm is of interest when it is finite. The 8-norm } ¨ }8 is defined as the
essential supremum as usual. We shall use these norms to manipulate the functional analytic
properties of a graphon kernel and its associated operator. However, for their role as limits
of finite graphs, graphons are better studied using the so-called cut norm.

Definition 4.13 The cut norm of a graphon w P W̃ is denoted by }w}2 and is defined as
follows:

}w}2 “ sup
D1,D2

ˇ

ˇ

ˇ

ˇ

ż

D1ˆD2

wpx, yqdxdy

ˇ

ˇ

ˇ

ˇ

(4.7)

where the supremum is taken over the measurable subsets D1 and D2 of I “ r0, 1s.

Remark 4.14 By a standard monotone class argument it is easy to show thatL

}w}2 “ sup
0ďfď1,0ďgď1

ż ż

fpxqgpyqwpx, yqdxdy.
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Despite its name, the cut-norm is not a norm in the usual sense. It is used to define the
notion of cut-distance between graphons.

Definition 4.15 The cut metric between two graphons v and w in W̃ is defined as:

d2pw, vq “ inf
πPΠr0,1s

}wπ ´ v}2,

where wπpx, yq “ wpπpxq, πpyqq and Πr0,1s is the class of bi-measurable, measure pre-
serving bijections of r0, 1s onto itself.

Again, d2 is not a real distance on W̃ . Indeed d2pw, vq “ 0 if v “ wπ for some π P Πr0,1s.
So we define the equivalence relation „ on the space W̃ of graphons by

w „ w if there exists π P Πr0,1s such that v “ wπ,

and on the quotient space, W “ W̃{ „, once appropriately defined, d2 becomes a real
distance. This quotient space is in fact complete and compact for the distance d2. For the
sake of completeness we state such a result even though its proof is beyond the scope of
these lectures. We refer to [19] and [12] for details.

Theorem 4.16 The graphon (quotient) space W is a compact metric space (hence com-
plete) for the metric d˝.

Properties such as approximation, convergence, etc of graphons are naturally stated
and interpreted in terms of the cut norm distance. On the other hand the classical theory
of operators offers numerous tools to control the properties of the graphon operators. The
following estimate will allow us to use the best of both worlds.

Proposition 4.17 A graphon w P W̃ and its associated graphon operator Aw satisfy, for
any p, q P r1,8s and q1 “ p1´ 1{qq´1,

}w}2 ď }A
w}Lp,Lq ď

?
2p4}w}2q

p1´ 1
p q^

1
q

Recall that the above operator norms are defined as:

}Aw}Lp,Lq “ sup
}f}Lpď1

}Awf}Lq “ sup
}f}Lpď1

sup
}g}

Lq
1ď1

ż

Awfpxq gpxqdx

“ sup
}f}Lpď1

sup
}g}

Lq
1ď1

ż ż

wpx, yqfpyqgpxqdydx.

(4.8)

The special case is when p “ q “ 2 is particularly simple. It reads:

}w}2 ď }A
w}L2,L2 ď

a

8}w}2.

This proposition helps shifting the burden of proof of smoothness or convergence, from
properties of functions to properties of operators. It syas that if one needs to prove conver-
gence of a sequence pwnqně1 toward a graphon w, it can be approached by proving that
d2pw,wnq tends to 0, or equivalently that }Aw ´Awn}Lp,Lq “ }Aw´wn}Lp,Lq tends to 0.
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Proof: Step 1. We first prove the result in the particular case p “ 8, q “ 1, namely that:

}w}2 ď }A
w
}L8,L1 ď 2}w}2.

Notice that:

}Aw}L8,L1 “ sup
}f}L8ď1

sup
}g}L8ď1

ż

Awfpxqgpxqdx

“ sup
´1ďfď1

sup
´1ďgď1

ż ż

wpx, yqfpyqgpxqdxdy,

so if we take f “ 1D1 and g “ 1D2 for D1 and D2 Borel subsets of r0, 1s, then we have:

}Aw}L8,L1 ě }w}2.

Next, decompose the functions in the unit balls into the difference of two non-negative functions. We
introduce functions f1 and f2 valued in r0, 1s such that f “ f1 ´ f2, as well as g1 and g2 such that
g “ g1 ´ g2. We get:

}Aw}L8,L1 “ sup
0ďf1,f2ď1

sup
0ďg1,g2ď1

ż ż

wpx, yqrf1pyq ´ f2pyqs ¨ rg1pxq ´ g2pxqsdxdy. (4.9)

Since
ż ż

wpx, yqrf1pyq ´ f2pyqs ¨ rg1pxq ´ g2pxqsdxdy

“ xAwpf1 ´ f2q, pg1 ´ g2qy

“ xAwf1, g1y ` xA
wf2, g2y ´ xA

wf2, g1y ´ xA
wf1, g2y

ď xAwf1, g1y ` xA
wf2, g2y,

we must have:

}Aw}L8,L1 ď sup
0ďf1,f2ď1

sup
0ďg1,g2ď1

xAwf1, g1y ` xA
wf2, g2y “ 2}w}2.

which concludes the proof of the first step.

Step 2. We prove that:
}Aw}L8,L1 ď }Aw}Lp,Lq .

To prove this, we notice that:

}Aw}Lp,Lq “ sup
}f}Lpď1

}Awf}Lq

ě sup
}f}L8ď1

}Awf}Lq

ě sup
}f}L8ď1

}Awf}L1 “ }Aw}L8,L1 .

Step 3. To conclude the proof of the lemma, we use the Riesz-Thorin interpolation theorem. See
for example Theorem 4.32 in [9] Now, we use this theorem in the following way. Let p1 “ 8 and
q1 “ 1. Set r “ p1 ´ 1

p
q ^ 1

q
, so that 1 ´ r “ 1

p
_ p1 ´ 1

q
q. Define p̄ “ pp1 ´ rq and q̄ such that

1´ 1
q
“ p1´ rqp1´ 1

q̄
q. Then p̄, q̄ are in r1,8s,
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p
1

p
,

1

q
q “ rp

1

p1
,

1

q1
q ` p1´ rqp

1

p̄
,

1

q̄
q.

Riesz-Thorin’s theorem tells us that

}Aw}Lp,Lq ď }A
w
}
r
Lp1 ,Lq1 }A

w
}
p1´rq

Lp̄,Lq̄

and the right hand side is bounded by 2}w}r˝. Indeed

}Aw}Lp̄,Lq̄ ď }A
w
}L1,L8 “ }w}8 ď 1.

This concludes the proof of 4.8. ˝

Finally, we give a convergence result of importance in practical applications.

Proposition 4.18 Let twnuně1 be a sequence of graphons such that

lim
nÑ8

d˝pw
n, wq “ 0

for some graphon w. Then there exists a sequence tπnuně1 in the space Πr0,1s of permu-
tations of r0, 1s such that:

lim
nÑ8

}Apw
n
q
πn
´Aw} “ 0.

Proof: For each ε ą 0 there exists an integer Nε such that if n ě Nε, the d˝pw
n, wq ă ε. So

for each n ě Nε, there exists πn P Πr0,1s such that }pwnqπn ´ w} ă ε. We conclude with the
equivalence of the cut norm and the cut distance proven in the above proposition. ˝

4.3 GRAPHON GAMES

In this section, we study the class of non-atomic games associated to graphons as defined
in the previous section. We present the main results of [30], though with different proofs.

In the chapters devoted to finite games, a player was represented by an index in
t1, . . . , Nu. In the beginning of this chapter, we discussed non-atomic games for which
players were indexed by the elements of a measured space pI, I, λq. Graphon games use
the same general set-up as non-atomic games for the particular case where I “ r0, 1s,
I “ BI the Borel σ-field of I , λ “ λI being the Lebesgue measure dx. Consistent with
our discussion of non-atomic games, strategy profiles are now functions α : I Ñ Rk with
αpxq P Apxq Ă Rkx for all x P I , and we assume that kx ď k, in other words that
all the Ax are contained in the same Euclidean space Rk. Remember that in the case of
games with finitely many players, a strategy profile was a vectorα “ pα1, . . . , αN q, where
αi P Apiq Ă Rki . In several network games, player i was interacting with player j with
strength given by the entry ai,j of a matrix, possibly the adjacency matrix of the underlying
graph. In a graphon game, player x feels the interaction with the ensemble of the other
players in the game through an aggregate

zpx|αq “

ż

wpx, yqαpyqdy, (4.10)

given by a weighted average of the actions αpyq of all the players as weighted by the values
wpx, yq of a graphon w P W̃ . In order to be admissible, strategy profiles will have to be
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at least Lebesgue measurable and square integrable so that the above integral makes sense.
Since αpyq P Apyq Ă Rky , in order for the definition and the manipulations of the above
integral to be sound, we assume that all the sets Apyq are contained in the same Rk, which
amount to assuming that all the ky’s are the same, say k. As a result, the above integral is
understood as an Rk valued integral defining the aggregate zpx|αq as an element of Rk.

Admissible Strategy Profiles

So according to the above discussion, we would like to say that a function α : I ÞÑ Rk is
an admissible strategy profile if it is measurable, sqquare integrable and αpxq P Apxq for
every x P I . Notice that we assume that α is a function defined everywhere, not merely
an equivalence class of Lebesgue measurable functions. Still, since the integral defining
the aggregate zpx|αq is with respect to the Lebesgue measure, changing α at one point,
or more generally on a set of Lebesgue measure 0, does not change the value of z. So
zpx|αq “ zpx|α1q if αpyq “ α1pyq for almost every y P I , and despite our best efforts,
since zpx|αq only depends upon the equivalence class of the function α, like in the case
of non-atomic games, the set of admissible strategy profiles could be defined as the set
LA defined in our introductory presentation of non-atomic games, namely the subset of
elements α of L1pr0, 1s, dxq for which αpxq P Apxq for almost every x P r0, 1s. However,
because our analysis will strongly rely on the properties of the graphon operator on L2 -
Hilbert spaces, we shall define the set of admissible strategy profiles as:

L2
A “ tα P L

2pr0, 1s, dx;Rkq; αpxq P Apxq for a.e. x P r0, 1su,

In any case, if player x decides to change the value αpxq of their action while all the other
players choose not to, the value of the aggregate zpx|αq is not affected.

Costs

In the graphon game model, the costs to the individual players are determined by a single
real valued function J : Rk ˆ Rk ÞÑ R. The interpretation of Jpα, zq is the following:
this value will be the cost to player x P I if the player chooses action α (which implicitly
requires that α P Apxq) while the actions of all the (other) players amount to the aggregate
z through formula (4.10).
The graphon game defined by the quantities introduced above will be denoted by

G “ pA “ pApxqqxPr0,1s, w, Jq.

Remark 4.19 While very similar in spirit, a graphon game is not an anonymous game as
we defined it earlier, the differences stemming from the definitions of the costs. Indeed, even
if one assumes that all the cost functions J i in the anonymous game model are the same,
say J , the cost to a given player has two important characteristics.

1. The significance (or insignificance) of the action of a player on the costs depends upon
the measure λ. In particular, it is nil if this measure is continuous or atomless.

2. It depends upon the actions of the other players in a very specific way entirely deter-
mined by the measure λ since it is a function of the push-forward of this measure by
the players’ actions.
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On the other hand, the parallels to these properties in the case of graphon games highlight
the differences between the models.

1. Since the role of the measure λ is played by the Lebesgue measure, the action of a
single player does not impact the aggregate from which the costs of the other players
are computed.

2. For each player x, while the aggregate influencing their cost is linear in the actions of
the other players, it is not symmetric since it is the weighted average of the actions of
the other players, say y, weighted by the valueswpx, yq of the graphon: in other words,
unless w is a constant graphon, different players should feel different aggregates since
they are potentiallhy different weighted averages for different players!

Example 4.20 The min-max graphon is defined by the formula

wpx, yq “ x^ yp1´ x_ yq.

It can be used to model the interactions between players in games for which agent states
can be represented by points on a line and agents with central locations are more affected
by their close neighbors. This can be illustrated by the fact that if x “ 1{2, we have:

wp1{2, yq “

#

1
2y, if y ă 1

2 ,
1
2 p1´ yq, if y ě 1

2 ,

confirming, at least for in this case, that the interaction is stronger with nearby players. A
useful property of this graphon is proven in the following lemma.

Lemma 4.21 For the min-max graphon we have:

|wpx, yq ´ wpx1, y1q| ď 2p|x´ x1| ` |y ´ y1|.

Proof: Since 2x^ y “ x` y ´ |x´ y|, we have:

2|x^ y ´ x1 ^ y1| “
ˇ

ˇx` y ´ |x´ y| ´ x1 ´ y1 ` |x1 ´ y1|
ˇ

ˇ

ď |x´ x1| ` |y ´ y1| `
ˇ

ˇ´|x´ y| ` |x1 ´ y1|
ˇ

ˇ

ď |x´ x1| ` |y ´ y1| ` | ´ x` y ` x1 ´ y1|

ď 2p|x´ x1| ` |y ´ y1|,

where we used the inequality |a ´ b| ě
ˇ

ˇ|a| ´ |b|
ˇ

ˇ. So we proved that the map px, yq ÞÑ x ^ y is
Lipschitz with Lipschitz constant at most 1. We porve similarly that the function px, yq ÞÑ 1´ x_ y
has the same property. Finally:

|wpx, yq ´ wpx1, y1q| “
ˇ

ˇpx^ yqp1´ x_ yq ´ px1 ^ y1qp1´ x1 _ y1q
ˇ

ˇ

ď
ˇ

ˇpx^ yqp1´ x_ yq ´ px1 ^ y1qp1´ x_ yq
ˇ

ˇ

`
ˇ

ˇpx1 ^ y1qp1´ x_ yq ´ px1 ^ y1qp1´ x1 _ y1q
ˇ

ˇ

“
ˇ

ˇpx^ y ´ x1 ^ y1q
ˇ

ˇp1´ x_ yq ` px1 ^ y1q
ˇ

ˇp1´ x_ yq ´ p1´ x1 _ y1q
ˇ

ˇ

“
`

|x´ x1| ` |y ´ y1|
˘

`
`

|x´ x1| ` |y ´ y1|
˘

which proves the desired result. ˝
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Best Responses and Nash Equilibria

In a graphon game, the best response function is the functionαBR : LA Q αÑ αBRpαq P
pRkqr0,1s defined by:

αBRpαqpxq “ arg inf
αPAx

Jpα, zpx|αqq, x P r0, 1s. (4.11)

So the best response αBRpαq to any admissible strategy profile α P LA is a set value
function on r0, 1s whose values are subsets of Rk, including possibly the empty set in case
the minimum of the function J in the first variable is not attained. The definition of a Nash
equilibrium naturally follows.

Definition 4.22 An admissible strategy profile α˚ is a Nash equilibrium for the graphon
game if for almost every x P r0, 1s (with respect to the Lebesgue measure of r0, 1s),α˚pxq P
αBRpα

˚qpxq.

Given the above remarks about the values of the aggregate, this means that for almost every
x P r0, 1s, for every α P Apxq,

Jpα˚pxq, zpx|α˚qq ď Jpα, zpx|α˚qq.

Next, we tackle the question of existence and uniqueness of such an equilibrium. But
before doing so, we emphasize some of the properties of the graphon operator which may
not have been clear. Recall that given a graphon w : r0, 1s ˆ r0, 1s Ñ r0, 1s, we defined
the graphon operator Aw by rAwf spxq “

ş

fpyqwpx, yqdy for f : r0, 1s Ñ R measurable
and square integrable and we hinted at the fact that the definition applied as well to Rk-
valued functions f . This extension is important because since admissible strategy profiles
take values in Rk, we want to have the graphon operator act on such functions and consider
Aw : L2pr0, 1s;Rkq Ñ L2pr0, 1s;Rkq defined by

pAwαqpxq “

ż

αpyqwpx, yqdy “

¨

˝

ş

α1pyqwpx, yqdy
. . .

ş

αkpyqwpx, yqdy

˛

‚.

As we mentioned earlier, using the same notation for the operator acting on L2pr0, 1s;Rq
or L2pr0, 1s;Rkq should not be an issue. We state its main properties as a lemma for future
references.

Lemma 4.23 The extension Aw of the graphon operator to L2pr0, 1s;Rkq is a symmetric
Hilbert-Schmidt (hence compact) operator whose eigenvalues are, except for their multi-
plicities (which are at most multiplied by k), the same as those of the original graphon
operator Aw when defined on L2pr0, 1s;Rq.

Proof: The proof of these claim is obvious. We merely illustrate the changes in multiplicity of the
eigenvalues. If f P L2

pr0, 1s;Rq and λ P R are such that Awf “ λf , then:

Awpf, 0, ¨ ¨ ¨ , 0q “ pAwf, 0, ¨ ¨ ¨ , 0q “ pλf, 0, ¨ ¨ ¨ , 0q “ λpf, 0, ¨ ¨ ¨ , 0q

and similarly:

Awp0, f, 0, ¨ ¨ ¨ , 0q “ p0, Awf, 0, ¨ ¨ ¨ , 0q “ p0, λf, 0, ¨ ¨ ¨ , 0q “ λp0, f, 0, ¨ ¨ ¨ , 0q

and so on. So λ is an eigenvalue of the extended operator Aw with multiplicity k if it was an eigen-
value with multiplicity 1 of the original graphon operator Aw. ˝
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Assumptions and Preliminary Estimate

We first state the assumptions we shall use in the various steps of the existence analysis.
They are taken from [30].

A1 The function J : Rk ˆ Rk Q pα, zq Ñ Jpα, zq P R is continuously differentiable and
strongly convex in α with a constant `c ą 0 uniform in z P Rk. This means that for
every α1, α P Rk and z P Rk, we have for every ε P r0, 1s

Jpεα` p1´ εqα1, zq ď εJpα, zq ` p1´ εqJpα1, zq ´
`c
2
εp1´ εq}α1 ´ α}2.

A2 ∇αJpα, zq is Lipschitz in z with a Lipschitz constant `J uniform in α P Rk. This
means that for every z1, z P Rk and α P Rk, we have

}∇αJpα, z1q ´∇αJpα, zq} ď `J}z
1 ´ z}.

A3 For every x P r0, 1s, the set of feasible strategy Apxq is a closed convex subset of Rk.

The following operator will play a crucial role in the existence proof. If z̃ : r0, 1s ÞÑ Rk
is a Rk-valued function defined everywhere on r0, 1s, for each x P r0, 1s we set:

rBz̃spxq “ arg inf
αPAx

Jpα, z̃pxqq. (4.12)

Notice that under assumption A1, for x P r0, 1s fixed, the function Rk Q α ÞÑ Jpα, z̃pxqq
is strongly convex, and if A3 holds, this function has a unique minimum on the closed
convex set ApXq. This implies that the set rBz̃spxq is a singleton, which defines a function
r0, 1s Q x ÞÑ rBz̃spxq P ApXq Ă Rk. Next, we remark that if z̃ and z̃1 are two Rk-
valued functions on r0, 1s which are equal almost everywhere, then rBz̃spxq “ rBz̃1spxq
for almost every x P r0, 1s.

Lemma 4.24 Under assumptions A1, A2 and A3, for every Rk-valued functions f and g
which are square integrable on r0, 1s we have:

}Bf ´Bg}L2 ď
`J
`c
}f ´ g}L2 . (4.13)

It is important to keep in mind the fact that f ÞÑ Bf is not linear.
Proof: The strong convexity assumption A1 is equivalent to the fact that for every α, α0 and z in
Rk we have:

r∇αJpα, zq ´∇αJpα0, zqs ¨ ¨ ¨ pα´ α0q ě `c|α´ α0|
2. (4.14)

which implies
|∇αJpα, zq ´∇αJpα0, zq| ě `c|α´ α0|. (4.15)

Let us assume that x P r0, 1s is fixed momentarily. Using (4.15) with z “ gpxq, α “ rBf spxq and
α0 “ rBgspxq we get:

|rBf spxq ´ rBgspxq| ď
1

`c

ˇ

ˇ∇αJprBf spxq, gpxqq ´∇αJprBgspxq, gpxqq
ˇ

ˇ. (4.16)

Since rBf spxq “ arg infαPAx Jpα, fpxqq, by convexity we have:
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∇αJprBf spxq, fpxqq ¨ pα´ rBf spxqq ě 0

for all α, so using α “ rBgspxq in this inequality we get:

∇αJprBf spxq, fpxqq ¨ prBgspxq ´ rBf spxqq ě 0. (4.17)

Similarly, we get:
∇αJprBgspxq, gpxqq ¨ prBf spxq ´ rBgspxqq ě 0. (4.18)

Adding (4.17) and (4.18) we get:

r∇αJprBf spxq, fpxqq ´∇αJprBf spxq, gpxqq ¨ prBgspxq ´ rBf spxq
ě r∇αJprBgspxq, gpxqq ´∇αJprBf spxq, gpxqq ¨ prBgspxq ´ rBf spxqq
ě `c|rBgspxq ´ rBf spxq|

2 (4.19)

where we used the strong convexity (4.14) to derive (4.19). The scalar product of two elements of
Rk being smaller than the product of their norms, we see that the left hand side of (4.19) is bounded
from above by:

|∇αJprBf spxq, fpxqq ´∇αJprBf spxq, gpxqq| |rBgspxq ´ rBf spxq|,

which, together with (4.19) gives:

|rBgspxq ´ rBf spxq| ď
1

`c
|r∇αJprBf spxq, fpxqq ´∇αJprBf spxq, gpxqq|

ď
`J
`c
|gpxq ´ fpxq| (4.20)

where we used assumption A2 to derive (4.20). Since this inequality between non-negative real num-
bers is true for all x P r0, 1s, we can square both sides, integrate both sides between 0 and 1 and take
square roots of both sides, proving the desired estimate (4.13). ˝

The estimate (4.13) of Lemma 4.24 only depends upon the definition (4.12) of the
operator B and the nature of assumptions A1, A2, and A3.

4.3.0.1 Existence of Equilibria

Using the definition of the graphon operator Aw, we easily see that (recall the definition
(4.11) of the best response function): if α is an admissible stragegy profile in L2

A,

α is a Nash equilibrium for the graphon game ðñ α is a fixed point of BAw.

Indeed, if α P L2
A, rAwαspxq “ zpx|αq for almost every x P r0, 1s and as a result

rBAwαspxq “ arg infαPAx Jpα, zpx|αqq for almost every x P r0, 1s, and demanding that

αpxq “ arg inf
αPAx

Jpα, zpx|αqq

for almost every x P r0, 1s is the very definition of a Nash equilibrium for the graphon
game.

We now use Schauder’s fixed point theorem in the form recalled in Theorem 1.6 to
prove existence of Nash equilibria for graphon games. Our proof will require the following
extra assumption saying that all the sets Ax of feasible actions are contained in the same
bounded subset of Rk. This will provide the compactness needed for the application of
Schauder’s theorem.
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A4 The number αmax defined by:

αmax “ sup
xPr0,1s

sup
αPAx

|α|

is finite.

Notice that under assumption A4, for every f P L2pr0, 1s, dx;Rkq and almost every x P
r0, 1s, |rBf spxq| ď αmax.

Proposition 4.25 If the graphon game GpA, J,W q satisfies assumptions A1-A4, then it
admits at least one Nash equilibrium.

Proof: To be consistent with the notations of the statement of Theorem 1.6, we introduce the set
C “ tf P L2

pr0, 1s, dx;Rkq; }f} ď αmaxu. C so defined is a closed convex subset of the Hilbert
space E “ L2

pr0, 1s, dx;Rkq. Also, for every f P L2
pr0, 1s, dx;Rkq, Bf P C, and consequently

BAwf P C.
Since the (vector valued extension of the) graphon operator Aw is a Hilbert-Schmidt operator on

L2
pr0, 1s, dx;Rkq, recall Lemma 4.23, it is a fortiori a compact operator and since C is bounded, the

closure K̃ of AwC is a compact subset of L2
pr0, 1s, dx;Rkq. Being Lipschitz, B is also continuous

and K “ BK̃ is also compact. Consequently, the map F “ BAw satisfies the assumption of
Theorem 1.6, proving the existence of a fixed point. ˝

4.3.0.2 Uniqueness

Proposition 4.26 If the graphon game GpA, J, wq satisfies assumptions A1-A3, and:

`J
`c
λmaxpA

wq ă 1,

where λmaxpwq is the largest eigenvalue of Aw, then there exists one and only one Nash
equilibrium α˚ P L2

A.

Proof: If f and g are elements of L2
pr0, 1s, dx;Rkq, using the Lipschitz property (4.13) and the fact

that the norm of the operator Aw is its largest eigenvalue, we get:

}BAwf ´BAwg}L2 ď
`J
`c
}Awf ´Awg}L2 ď

`J
`c
λmax ă 1

which proves that the map BAw is a strict contraction on L2
pr0, 1s, dx;Rkq, implying existence and

uniqueness of a fixed point. ˝

4.3.1 Example of the LQ Graphon Games

Like in classical control theory and the theory of differential games linear quadratic models
provide one of the rare classes of explicitly solvable models. Let us consider a graphon
game GpA, J, wq such that Ax “ r0,8q for every x P r0, 1s so that assumption A3 is
satisfied, and the cost function J is given by:

Jpα, zq “
1

2
α2 ´ αpaz ` bq
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for constants a P R and b ą 0. Clearly, the function J satisfies assumption A1 with constant
`c “ 1 and since:

BJpα, zq

Bα
“ α´ paz ` bq.

it also satisfies assumption A2 with constant `J “ a. So if the graphon w is such that:

|a|λmaxpA
wq ă 1, (4.21)

then Proposition 4.26 implies that the graphon game has a unique Nash equilibrium. We
proceed to compute it explicitly. The best response of player x P r0, 1s to a dtrategy profile
α is given by:

αBRpαqpxq “ maxt0, azpx|αq ` bu (4.22)

where zpx|αq “
ş

r0,1s
αpyqwpx, yqdy.

We distinguish two cases.

• If a ą 0, the best response of each agent x P r0, 1s is an increasing function of the
aggregate zpx|αq, so the game is a game of strategic complements. Indeed, for every
x P r0, 1s, a ą 0 and b ą 0, then zpx|αq ě 0 so that BαJp0, zpx|αqq ă 0. Hence

Jpα, zpx|αqq “ Jp0, zpx|αqq ` BαJp0, zpx|αqqα` opαq ă Jp0, zpx|αqq

for α ą 0 small enough. So 0 cannot be the best response since the cost could be low-
ered by a small perturbation. As a consequenceαBRpαq ą 0, and the Nash equilibrium
α˚ is internal in the sense that

α˚pxq ą 0, for all x P r0, 1s.

From the form (4.22) of the best response function, now that we know that the Nash
equilibrium is internal, we get

α˚pxq “ azpx|α˚q ` b “ arAwα˚spxq ` b

for almost every x P r0, 1s, which implies that:

rI ´ aAwsα˚ “ b1r0,1s

and if the operator rI ´ aAws is invertible, which is the case since we assume that
|a|λmaxpA

wq, we have:

α˚ “ brI ´ aAws´11r0,1s “ bba

where ba is the Bonacich measure of centrality of the graphon. Recall (4.4). The impor-
tance of this result is that, as it was already the case for finitely many player games, the
values of the Nash equilibrium are entirely determined by the geometric information
contained in the underlying graph.
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• If a ă 0, the best response of each agent x P r0, 1s is an decreasing function of the
aggregate zpx|αq, so the game is a game of strategic substitutes. We cannot guarantee
that equilibria are internal, but under the uniqueness condition (4.21), we see that the
unique Nash equilibrium is internal if and only if equation:

rI ` |a|Awsα˚ “ b1r0,1s

has a solution α˚ such that α˚pxq ą 0 for almost every x P r0, 1s. Condition (4.21)
implies that the operator I`|a|Aw is invertible, so the candidate to be the unique Nash
equilibrium is given by:

α “ brI ` |a|Aws´11r0,1s,

but we cannot be sure that it is internal, and hence the fixed point of the best response
function, since the sign of the sum of the Taylor series expansion:

α “ b
´

I ´ |a|Aw1r0,1s `´|a|
2pAwq21r0,1s ´ |a|

3pAwq31r0,1s ` ¨ ¨ ¨
¯

cannot be determined for every x P r0, 1s without more information.

4.4 GAMES OF COORDINATION AND INFORMATION ACQUISITION

4.4.1 Coordination and Information Acquisition: Beauty Contest

We present a game model studied in [27]. We chose it to illustrate the use of families of
independent random variables to model signals informing players in a game. This particular
example is an instance of a game model studied by Morris and Shin under the name of
beauty contest. As all the games we considered so far, the game is a one-shot game in
which a continuum of players take actions simultaneously. When information is costly,
agents must balance the cost of information against its benefits. The latter depend on the
likely actions of the other agents and the information they acquired.

We model an industry in which the supplier’s product demand depends upon:

• an uncertainty state of the market place (e.g. size of customer base);
• the supplier own price;
• average price of the supplier’s competitors.

To improve decision making a supplier relies on a survey of the market conditions. The in-
formation is transmitted through signals which can be private or public. So the information
can be exogenous or endogenous.

This is the description of the specific example from [27].

• Players are represented by real numbers ` P r0, 1s. They act simultaneously.
• Player ` chooses an information acquisition policy z` P Rn`. The integer n is the number

of sources of information. For each source i P t1, . . . , nu, z`i represents the attention
paid by player ` to the source i.
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• After the choice of z`, the player observes a vector x` “ px`1, . . . , x`nq P Rn of signals
which inform the player about an unobservable variable θ. The precision of the signals
depending upon the choice of z`i.

• On the basis of this information, player ` then takes action α` P A “ R.
• Player ` uses pure strategies pz`, a`q with z` P Rn` and a` : Rn ÞÑ R. Their actions are

of the form α` “ a`px`q, so the action α` taken by payer ` is a feedback function of the
signal x` acquired by the player.

• The cost to player ` P r0, 1s is defined as:

u` “ Cpz`q ` p1´ γqpα` ´ θq
2 ` γpα` ´ αq

2

where C : R` Ñ R is differentiable and increasing, γ P r´1, 1s and α represents the
average action, namely

α “

ż 1

0

α`d`.

γ P p´1, 1q is a parameter which balances the cost of aligning the action of player `
with the others (coordination) and matching the state variable (the fundamental motive
of the game). The term pα` ´ αq2 represents the coordination with the other players: if
γ ą 0, each player will want to choose an action as similar as possible to the average
action of their peers . On the other end, if γ ă 0, each player tries to behave differently
than others.

Remark 4.27 Note that from a pure mathematical point of view, in order for the aver-
age action α to be well defined, we need to assume that the function r0, 1s Q ` ÞÑ α` is
measurable and integrable.

According to our terminology, the present game model should be called a mean field
game because the actions of the other players enter the cost to a given player through their
mean as given by their plain aggregate. Indeed, as we argued earlier, the above integral
should be understood in the context of games with a continuum of players, as the equivalent
of the empirical mean in the case of games with finitely many players. We shall come back
to this interpretation in the next section.

Signals: the Sources of Information

Players start the game with no knowledge of the value of θ. Obviously we could put a prior
distribution on the set of possible values of θ. We shall not do that here for the sake of
simplicity. The signal observed by player ` from source i is assumed to be of the form:

x`i “ θ ` ηi ` ε`i

where ηi „ N p0, κ2
i q and ε`i „ N p0, ξ

2
i

z`i
q, all these Gaussian random variables being

independent, and κi, ξi are constant.

• In other words, we assume that each signal source has its own sender noise which we
denote by x̃i “ θ` ηi and which are assumed to be Gaussian and have precision 1{κ2

i .
The noise term ηi stands the intrinsic noise of the information source i.
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• If player ` chooses to pay attention to source i, they do so imperfectly, adding an id-
iosyncratic noise term ε`i, so that x`i “ x̃i ` ε`i, which represents the part of the noise
brought by the player. We also notice that the variance of ε`i, namely ξ2

i {zli depends
upon the constant ξi and is inversely proportional to the attention z`i that player ` pays
to the source of information i. In other words, the more attention player ` gives to signal
source i, the less the noise they incur.

We highlight the independence assumption because we intend to revisit it within next
section.

Assumption 1. We suppose that ηi and ε`i for i P t1 . . . , Nu and ` P r0, 1s are all inde-
pendent.

Dependencies between the Signals

Let us look at the covariance of the signal observations of the same information source
from different players. If ` ‰ `1, we have:

covpx`i, x`1iq “ E rpx`i ´ Erx`isqpx`1i ´ Erx`1isqs
“ Erpηi ` ε`iqpηi ` ε`1iqs
“ Erη2

i s ` Erηiε`1is ` Erε`iηis ` Erε`iε`1is
“ κ2

i .

and if we denote by ρ``1i the correlation between x`i and x`1i, since x`i „ N pθ, σ2
`iq with

σ2
`i “ κ2

i ` ξ
2
i {z`i, the fact that covpx`i, x`1iq “ ρ``1iσ`iσ`1i, we conclude that:

ρ``1i “
κ2
i

b

`

κ2
i `

ξ2
i

z`i

˘`

κ2
i `

ξ2
i

z`1i

˘

.

Remark 4.28

• If a player pays more attention to information, then the precisions of the corresponding
observed signals increase (z`i increases), which will also lead to an increase of the
correlation ρ``1i between this player and the others.

• If ξi “ 0 or z`i Ñ 8, then ρ``1i Ñ 1. In this case, we say that the signals are public,
i.e. the observations x`i are the same for all the players.

• When κi “ 0, then ρ``1i “ 0, and since the signals are jointly Gaussian, they are
independent and in this situation, we say that the signals are private.

• In this model, in general we have 0 ă ρ``1i ă 1 and the signals are endogenous since
they depend upon the decisions of the players.

Equilibrium Analysis

First we recall the definition of the strategies in the model.
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Definition 4.29 For player ` P r0, 1s, a strategy is a couple pz`, a`q where z` P Rn` and
a` : Rn Ñ R. A strategy pz`, a`q is of feedback form if the action taken by player ` satisfies

α` “ a`px`q.

where x` is the signal observed by player `.

Searching for Nash equilibria in the full generality of the model is highly difficult and
technical, so we shall limit our search to a subclass of equilibria for which we can take
advantage of special features of the models.

Definition 4.30 The game is said to be symmetric if all the players use a common strategy
pz, aq.

For any given ` P r0, 1s, suppose that player ` choses a strategy pz`, a`q while all the
other players `1 ‰ `, use strategy pz, aq, then the cost to player ` is given by:

J`ppz`, a`q, pz´`, a´`qq “ Eru`s “ Cpz`q`p1´γqErpα`´θq2s`γErpα`´αq2s (4.23)

where

α “

ż 1

0

apx`1qd`
1. (4.24)

since all the players but possibly one use the same strategy pz, aq.

Remark 4.31 The definition of α seems to say that it should be a random variable because
x` are random variables for all ` P r0, 1s. In order to understand clearly the issue which
needs to be addressed here, we momentarily come back to the case of a game with N
players with observations x1, . . . , xN and ` P rN s. We can still assume that x`i “ θ`ηi`
ε`i. Then in this case:

α “
1

N

N
ÿ

e“1

α` “
1

N

N
ÿ

e“1

apx`q „ Erapxqs

if we use the standard law of large numbers to replace the last average by the expectation
of a random variable having the same distribution as those random variables appearing in
the averages. Because of the law of large numbers, α is deterministic in the limit of large
games.

If we come back to the definition (4.24) of α in the continuum of players case, for α to
be deterministic, it should be equal to its expectation and if the random variables x` are
defined on a probability space pΩ,F ,Pq, and if we can use Fubini’s theorem to interchange
integrals, we should have:

α “ Erαs “
ż

Ω

´

ż 1

0

apx`qd`
¯

Ppdωq “
ż 1

0

´

ż

Ω

apx`qPpdωq
¯

d`

“

ż 1

0

Erapx`qsd` “ Erapxqs

if x is a random variable with distribution equal to the common distribution of all the x`.
So it seems that if we have a continuum of independent random variables with the same
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distribution, the law of large numbers seems to give the same result as the application of
Fubini’s theorem. However, before one can apply any form of Fubini’s theorem, one would
need to make sure that the function p`, ωq ÞÑ a

`

x`pωq
˘

is jointly measurable on r0, 1sˆΩ.
This is not a given and we address this issue in the next section.

While restricting ourselves to symmetric models already made the analysis more man-
ageable, the identification of Nash equilibria is still out of reach. For this reason, we further
limit the search to a subclass of strategies. From now on, we shall search for symmet-
ric Nash equilibria among linear strategies. To be specific we limit ourselves to feedback
functions of the form:

a`pxq “
n
ÿ

i“1

a`ixi (4.25)

with
řn
i“1 a`i “ 1. Then since we look for symmetric equilibria we compute the average α

with a common strategy a for all players (except possibly one). Consequently we compute
α with a strategy a : Rn Q x ÞÑ

řn
i“1 aixli P R and x`i “ θ ` ηi ` ε`i, so that:

α “

ż 1

0

apx`1qd`
1 “

ż 1

0

˜

n
ÿ

i“1

aix`1i

¸

d`1

“

ż 1

0

˜

n
ÿ

i“1

aipθ ` ηi ` ε`1iq

¸

d`1

“ θ `
n
ÿ

i“1

aiηi `

ż 1

0

˜

n
ÿ

i“1

aiε`1i

¸

d`1

“ θ `
n
ÿ

i“1

aiηi

where the last equality is due to the fact that

ż 1

0

ε`1id`
1 “ 0

which cannot be justified yet, still, recall the content of the above Remark 4.31, but which
follows from the exact law of large numbers which we shall prove in the next section.
Consequently:

E
”

`

n
ÿ

i“1

a`ix`i ´ α
˘2
ı

“ E
”

`

n
ÿ

i“1

a`iε`i `
n
ÿ

i“1

pa`i ´ aiqηi
˘2
ı

“

n
ÿ

i“1

a2
`iξ

2
i

z`i
`

n
ÿ

i“1

pa`i ´ aiq
2κ2
i

So returning to formula (4.23) and using the fact that the function a is linear, recall (4.25),
we get:
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J`ppz`, a`q, pz´`, a´`qq

“ Cpz`q ` p1´ γqE
”

`

n
ÿ

i“1

a`ix`i ´ θ
˘2
ı

` γE
”

`

n
ÿ

i“1

a`ix`i ´ α
˘2
ı

“ Cpz`q ` p1´ γqE
”

`

n
ÿ

i“1

a`ipx`i ´ θ
˘2
ı

` γ
n
ÿ

i“1

a2
`iξ

2
i

z`i
` γ

n
ÿ

i“1

pa`i ´ aiq
2κ2
i

“ Cpz`q `
n
ÿ

i“1

a2
`irp1´ γqκ

2
i `

ξ2
i

z`i
s ` γ

n
ÿ

i“1

pa`i ´ aiq
2κ2
i (4.26)

One of the main reasons for the presentation of this game model was to motivate the
study of Fubini extensions and the exact law of large numbers presented in the next section.
This goal being essentially attained, we do not pursue the detailed analysis of the model.
For the sake of completeness, we state without proofs the main results of the paper [27]
giving an almost complete characterization of the linear symmetric Nash equilibria of the
game.

If we rewrite the right hand side of (4.26) as Cpz`q ` J p1qpz`, a`q ` J p2qpz`, a`q, using
the fact that the function C is convex, one can show that in a symmetric equilibrium (for
which the last part J p2qpz`, a`q disappears from the optimization), each players tries to
minimize Cpz`q ` J p1qpz`, a`q, leading to the useful characterization of these equilibria.

Lemma 4.32 A strategy pz, aq is a symmetric Nash equilibrium if and only if it solves the
minimization problem

pz, aq P arg inf
p̃z,ãq

n
ÿ

i“1

ã2
i rp1´ γqκ

2
i `

ξ2
i

z̃i
s ` Cpz̃q

under the constraint
řn
i“1 ãi “ 1.

Finally, the result of the above lemma can be used to prove:

Proposition 4.33 The exists a unique symmetric linear Nash equilibrium pz˚, a˚q, and in
this equilibrium, the influence a˚i of the i-th signal and the attention z˚i paid to it satisfy:

a˚i “
ψi

řn
i“1 ψi

and z˚i “
a˚i ξi

a

C 1pz˚q
with ψi “

1

p1´ γqκ2
i ` ξ

2
i {z

˚
i

where ψi is set to 0 whenever z˚i “ a˚i “ 0.

4.5 FUBINI EXTENSIONS AND THE EXACT LAW OF LARGE NUMBERS

The models of non-atomic games presented in the previous section raise a few delicate
mathematical questions. Indeed, by considering games for which the players are labelled
by elements i of an uncountable set I , this set I being equipped with a σ-field I and
a probability measure λ which is assumed to be continuous (i.e. non-atomic), one may
wonder if objects like pεiqiPI exist if one requires the εi’s to be independent identically
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distributed mean-zero random variables, and if one expects to be measurable functions of
the variable i (for example if we want to integrate over i to consider continuous averages)
and possible use a form of law of large numbers to capture the properties of the empirical
distribution of these random variables.

This type of uncountable sequence (please pardon me for the oxymoron) of random
variables is what is usually called a white noise. While very popular in modeling circles, it
is much less so among mathematical purists, and we are about to see the reasons why.

The goal of this section is to present the mathematical tools from real analysis and
measure theory which were developed in part to address these questions.

Over fifty years ago, economists suggested that the appropriate model for perfectly
competitive markets is a model with a continuum of traders represented by elements of
a measurable space. In such a set-up, traders are treated as price takers as it is assumed
that their individual influence on the prices is negligible. In such a set-up, summation or
aggregation is generalized by the notion of integral. In games with a continuum of players,
the latter are labelled by the elements i P I of an arbitrary set I (often assumed to be
uncountable, and most often chosen to be the unit interval r0, 1s) equipped with a σ-field
I, and a probability measure λ. So if the state of each player i P I is given by a random
variable Xi on a probability space pΩ,F ,Pq, in analogy with the countable case leading to
formula (4.28), the quantity:

Fωpxq “ λ
`

ti P I; Xipωq ď xu
˘

(4.27)

appears as a natural generalization of the proportion of Xipωq’s which are not greater
than x, in other words, of the cumulative distribution function of the empirical distribution.
And if the Xi’s were to be independent with the same distribution, it would be reasonable
to expect that a generalization of the Law of Large Numbers to this setting could hold.
However, as we explain in the next subsection, measurability issues get in the way, and
such a generalization is, when it does exist, far from trivial.

4.5.1 Kolmogorov Extension Theorem

Definition 4.34 Let E be a Polish space (i.e. a space which is homeomorphic to a separa-
ble complete metric space) and let E “ BpEq be its Borel σ´field. If I is an arbitrary index
set, and if for each finite tuple pi1, . . . , ikq P Ik we have a probability measure µpi1,...,ikq
on pEi1 ˆ ¨ ¨ ¨ ˆ Eik , Ei1 b . . . b Eikq where Eij “ E and Eij “ E for j “ 1, . . . , k, we
say that the family of probability measures

 

µpi1,...,ikq
(

is consistent if:

1. for each ti1, . . . , iku Ă I and each permutation π of ti1, . . . , iku, we have

µpi1,...,ikq “ µpπpi1q,...,πpikqq ˝ ϕ
´1
π

where ϕπpxπpi1q, . . . , xπpikqq “ pxi1 , . . . , xikq.
2. for each ti1, . . . , ik, ik`1u Ă I , for any A P Ei1 b ¨ ¨ ¨ b Eik ,

µpi1,...,ikqpAq “ µpi1,...,ik,ik`1qpAˆ Eq.
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To be more specific one may want to think of E as one of the spaces we will use
the result of Kolmogorov’s theorem stated without proof below. These spaces could be,
and will be, R, Rd, a separable Hilbert space like L2 or a more general separable Banach
space like Lp with 1 ď p ă 8 cor the space Cpr0, T s;Bq of continuous (hence bounded)
functions from the interval r0, T s into a real separable Banach space B. We state without
proof the fundamental existence theorem of Kolmogorov. Most introductory textbooks of
measure theory based probability provide a proof. For the sake of definiteness we refer the
interested reader to [5].

Theorem 4.35 (Kolmogorov existence theorem) If Ω “ EI is the product of copies of
a Polish space E and can be interpreted as the set of all the functions from I into E, if
F “ EI with EI “

Â

iPI Ei is the product σ´field of copies of the Borel σ-field of E,
and if µ “ tµpi1,...ikqu is a consistent family of probability measures, then there exists a
probability measure Pµ on pΩ,Fq such that if for every i P I and every ω P Ω we set

Xipωq “ ωpiq

for the E-valued i-th coordinate map, then for every ti1, . . . , iku Ď I we have

LPµpX
i1 , . . . , Xikq “ µpi1,...,ikq.

As usual, we denote by LPpZq the law (distribution) of the random variable or random
vector Z under the probability P.

Remark 4.36 So given a set of consistent finite dimensional probability distributions over
an arbitrary index set I , ONE CAN ALWAYS construct a probability space pΩ,F ,Pq and
a stochastic process pXiqiPI on this probability space such that the finite dimensional
marginals of the process are the probability measures we started from.

Kolmogorov’s theorem laid the foundations of the theory of stochastic processes on a
firm mathematical ground, and gave mathematicians the option to make completely rig-
orous a good number of intuitive arguments about the properties of these processes. In-
deed, the latter are often introduced through specific properties of their finite dimensional
marginal distributions, and Kolmogorov’s existence theorem guarantees the existence of
processes defined in this way. Basic examples include:

• The process of Brownian motion.
• The Poisson process.
• White noise processes introduced as independent and identically distributed families
pXiqiPI of random variables with given common distribution µ P PpEq.

4.5.2 Structure of Product Sigma Fields

Kolmogorov’s theorem has the merit of resolving the existence problem for stochastic pro-
cesses. Still it is not without shortcomings, and as we are about to see, it is extremely
unsatisfactory when it comes to manipulations of the process so constructed. To illustrate
this important point, we first discuss the fine structure of the product σ-field EI “

Â

iPI Ei
with Ei “ E for all i P I .
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Recall that the product σ-field is the smallest σ-field containing the measurable cylin-
ders defined as the subsets of Ω “ EI of the form:

 

ω P Ω; ωpijq P Aij , j “ 1, . . . , k
(

P EI .

for a finite subset ti1, . . . , iku of I and Ai1 , . . . , Aik in E . As such, the product σ-field
appears as the σ-field generated by the marginal coordinate projections.

For convenience, we recall the definition of a σ-field generated by a family of sets or
functions.

Definition 4.37 For an arbitrary space Ω, an arbitrary index set I , and a measurable
space pE, Eq, let us assume that tZiuiPI is a family of functions Zi : Ω Ñ E. We denote
by F “ σtZi : i P Iu the smallest σ-field F of subsets of Ω for which Zi is pF , Eq
measurable for all i P I . In other words, F is the smallest σ-field F of subsets of Ω
containing the sets pZiq´1pBq for all i P I and B P E .

Let us now consider an arbitrary index set I and for each i P I , a measurable space
pEi, Eiq. When we discuss white noises later on, we will be specially interested in the
special case Ei “ E and Ei “ E for a given measurable space pE, Eq. The product space
is denoted by

ś

iPI Ei, or sometimes ˆiPIEi. As we already did earlier, we shall denote
the coordinate functions by pXiqiPI where Xi :

ś

iPI Ei Ñ E is defined by

Xipωq “ ωi, @ω “ pωiqiPI P
ź

iPI

Ei.

When all the Ei are equal to the same E, the product is denoted by EI . It can be identified
to the collection of all the functions from I into E. In this case we often use the notation
ωpiq for ωi to emphasize that fact. It is plain to show the following result which we state as
a lemma for the sake of definiteness.

Lemma 4.38 The product σ-field
Â

iPI Ei is the smallest σ´field of subsets of EI that
makes the coordinate projection function Xi measurable for all i P I . Namely

â

iPI

E “ σtXi; i P Iu.

The result of the next lemma states in a different context the same property of the
product σ-field.

Lemma 4.39 Let pΩ,Fq be a measurable space and I be an arbitrary index set, pE, Eq
a measurable space, and pY iqiPI a family of functions from Ω into E. We define ξ : Ω Q

ω ÞÑ ξpωq P EI such that

ξpωqpiq “ Y ipωq, i P I, ω P Ω.

Then ξ is pF , EIq-measurable if and only if for all i P I , Y i is pF , Eq´measurable.

In fact, σtY i; i P Iu is the smallest σ-field F satisfying the assumptions of the above
lemma. The next result is the main property of σ-fields generated by families of functions
(and hence of product σ-fields) which we use in our analysis of white noises later on.
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Proposition 4.40 Let Ω be an arbitrary set, I an arbitrary index set, pE, Eq a measurable
space, and pY iqiPI a family of functions from Ω into E. Then the following two properties
hold:

1. For every A P σtY i; i P Iu and every ω P A, if there is another ω1 P Ω satisfying

Y ipωq “ Y ipω1q, @ i P I,

then ω1 P A.
2. For any A P σtY i; i P Iu, there exists a countable subset J Ă I such that

A P σtY j ; j P Ju.

Proof: 1. The proof of the first claim follows from the following fact. If we denote by G the family
of elements A P σtY i; i P Iu such that for every ω P A, if there is another ω1 P Ω satisfying
Y ipωq “ Y ipω1q forall i P I , then ω1 P A, it is easy to show that G is a σ-field on its own, and by
construction, G Ă σtY i; i P Iu. On the other hand, if i0 is any element of I and B any element of
E , it is obvious that if ω P tY i0 P Bu, namely if Y i0pωq P B, and if Y ipωq “ Y ipω1q for all i P I ,
it is also true for i “ i0 so that Y i0pω1q P B which proves that tY i0 P Bu P G. So Y i0 is pG, Eq
measurable, and E Ă G since E is the smallest σ-field with this property.
2. The second claim means that

F “ σtY i; i P Iu “
ď

JĎI,J countable

σtY j ; j P Ju.

We prove this equality in the same way as above. Let denote by G the right hand side. It is obvious
that G Ď F . To prove the other inclusion, we show that G is a σ´field, and since all the Y i are
G-measurable, this will imply the desired inclusion. The only non-trivial property to show is the
countable union property. So let pAnqně1 be a countable sequence of elements in G. For each n ě 1,
there exists a countable subset Jn Ă I such that An P σtY j ; j P Jnu. Let J “

Ť

n Jn. Then J is
also a countable subset of I . Moreover, for all n ě 1

An P σtY
j ; j P Jnu Ď σtY j ; j P Ju,

which is a σ-field, and hence
ď

n

An P σtY
j ; j P Ju Ď G

which is what we wanted to prove. ˝

4.5.3 Measurability of White Noises

We now return to the construction of white noises on product spaces as given by Kol-
mogorov’s extension theorem.

Let pI, I, λq be a probability space, E a polish space and let µ P PpEq be a probability
measure on the Borel σ´field of E.

Kolmogorov’s theorem says that (even if I is only a set without special structure) on the
product space pΩ,Fq “ pEI ,BpEqI “

Â

iPI BpEqq, there exists a probability measure
P “ Pµ such that if we denote by Xi for i P I the i-th coordinate projection, namely

Xi : Ω Q ω ÞÑ ωpiq P E,
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then for each i P I , Xi is pF ,BpEqq-measurable, the law LPpX
iq of Xi, namely the push

forward probability measure Pµ ˝ pXiq´1 is equal to µ, in other words:

LpXiq “ Pµ ˝ pXiq´1 “ µ,

and pXiqiPI are independent (i.e. any finite subset Xi1 , . . . , Xik are independent). The
stochastic process pXiqiPI is called a white noise as it comprises independent and identi-
cally distributed random variables.

The following lemma, due to Doob (1953), indicates the inadequacy of the product
σ´filed F for the analysis of white noises. We recall that the above σ-field F is generated
by the cylinders.

Lemma 4.41 Assume that I “ r0, 1s, pE, Eq “ pR,BpRqq, and for any function h :
r0, 1s Ñ E we define the set:

Mh “ tω P Ω; Xipωq “ hpiq except for at most countably many i P Iu.

Then Mh has P-outer measure 1.

Proof: LetA P F “ BpEqr0,1s. Then according to Proposition 4.40,A is determined by a countable
subset IA Ď I in the sense that if ω P Ω and ω1 P Ω satisfy ωpiq “ ω1piq for all i P IA, then ω P A
if and only if ω1 P A.

Now suppose that Mh Ă A, and pick any ω P Ω. We construct ω1 P Ω such that

ω1piq “

"

ωpiq i P IA
hpiq i R IA.

Since ω1piq “ hpiq except for countably many i P I , we have ω1 P Mh. Since Mh Ă A, we have
ω1 P A, and since ω1piq “ ωpiq for all i P IA, then ω P A from the property of the σ´field F . This
means that A “ Ω. Hence, the outer measure of Mh takes the value

P˚pMhq “ inf
MhĎA

PpAq “ PpΩq “ 1,

which completes the proof of the lemma. ˝

Remark 4.42 The above lemma has striking consequences. Among them:

• The space of E-valued continuous functions CpI;Eq is not in F .
• A set A Ď Ω cannot belong to F unless there exists a countable set IA Ă I such that

for any ω, ω1 P Ω satisfying ωpiq “ ω1piq for all i P IA we have ω P A if and only if
ω1 P A.

• If we define a process of Brownian motion and a Poisson process as processes with in-
dependent increments with mean zero Gaussian and Poisson distributions respectively,
and we construct them on the above product probability space using Kolmogorov’s the-
orem, the sets of typical sample paths of these processes are not in F , in other words,
they are not measurable for this product σ-field.

Remark 4.43 Let us assume that I “ r0, 1s, I “ BpIq and λ is the Lebesgue measure on
r0, 1s.
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• Let us assume that h : r0, 1s Ñ R, viewed as an element of RI , is not Lebesgue
measurable (no measurable function is equals to h λ-almost everywhere), then all the
elements of Mh are non-Lebesgue measurable. Then if we denote by N the set of non-
Lebesgue measurable functions, we have:

P˚pN q “ 1, so that P˚pN cq “ 0.

Notice that N c is the set of Lebesgue measurable functions.
• Let h : r0, 1s Ñ R be a Lebesgue measurable function, then all elements of Mh are

Lebesgue measurable, so that
P˚pN cq “ 1.

Thus, we can conclude that N c is not P´measurable.

4.5.4 Fubini Extensions

The following material is in large part lifted from Section 3.7 of [11] which was intended
to give a game oriented presentation of the results of [37].

The classical Glivenko-Cantelli form of the Law of Large Numbers (LLN) states that if
F denotes the cumulative distribution function of a probability measure on R, if pXnqně1

is an infinite sequence of independent identically distributed random variables on a proba-
bility space pΩ,F ,Pq with common distribution µ, and if we use the notation:

Fωpxq “ lim sup
NÑ8

1

N
#
 

n P t1, ¨ ¨ ¨ , Nu : Xnpωq ď x
(

, x P R, ω P Ω, (4.28)

for the proportion of Xnpωq’s not greater than x, then this lim sup is in fact a limit for all
x P R and P-almost all ω P Ω, and Prtω P Ω : Fωp¨q “ F us “ 1.

In this section, we use a fixed probability space I, I, λq for the index set of families of
random variables. Most often we shall use I “ r0, 1s, I “ Bpr0, 1sq its Borel σ-field, and
the Lebesgue measure for λ. IfE is a Polish space, for each probability measure µ P PpEq,
Kolmogorov’s theorem can be used to construct on the product space Ω “ EI equipped
with the product σ-field F of copies of the Borel σ-field of E, the product probability
measure P for which the coordinate projections pXi : Ω Q ω ÞÑ Xipωq “ ωpiq P EqiPI
become independent and identically distributed with common distribution µ on the prob-
ability space pΩ,F ,Pq. As we saw in the previous section, the sample paths I Q i ÞÑ
Xipωq P E are pretty rough functions since they are (for P-almost ω P Ω) nowhere con-
tinuous and not even measurable.

Hence, this construction of a continuum of independent identically distributed random
variables leads to irregular structures lacking measurability properties. The following defi-
nition offers an alternative which keeps most of what is needed from the independence.

Definition 4.44 If E is a Polish space, a family pXiqiPI of E-valued random variables is
said to be essentially pairwise independent if, for λ-almost every i P I , the random variable
Xi is independent of Xj for λ-almost every j P I . Accordingly, if these random variables
are real valued and square integrable, we say that the family pXiqiPI is essentially pairwise
uncorrelated if, for λ-almost every i P I , the correlation coefficient of Xi with Xj is 0 for
λ-almost every j P I .
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One may wonder if essentially pairwise independent families pXiqiPI can be con-
structed on probability spaces pΩ,F ,Pq so that the process X : I ˆΩ Q pi, ωq ÞÑ Xipωq
satisfies relevant measurability properties. To do so, we shall construct such processes on
extensions of the product space pIˆΩ, IbF , λbPq, which are called Fubini’s extensions.

Definition 4.45 If I bF is a σ-field containing I bF and λbP is a probability measure
on pIˆΩ, IbFq, then pIˆΩ, IbF , λbPq is said to be a Fubini extension of pIˆΩ, Ib
F , λbPq if, for every measurable and λbP-integrable X : IˆΩ Q pi, xq ÞÑ Xipωq P R,
we have:

1. for λ-a.e. i P I , Ω Q ω ÞÑ Xipωq is a P-integrable random variable, and for P-a.e.
ω P Ω, I Q i ÞÑ Xipωq is measurable and λ-integrable;

2. I Q i ÞÑ
ş

Ω
XipωqdPpωq is measurable and λ-integrable, andΩ Q ω ÞÑ

ş

I
Xipωqdλpiq

is a P-integrable random variable, and:
ż

I

ˆ
ż

Ω

XipωqdPpωq
˙

dλpiq “

ż

Ω

ˆ
ż

I

Xipωqdλpiq

˙

dPpωq

“

ż

IˆΩ

Xipωqd
`

λb P
˘

pi, ωq.

(4.29)

In the sequel, we shall use the standard symbol E for denoting the expectation under
the sole probability P.

Measurable essentially pairwise independent processes X are first constructed in such
a way that, for each i P I , the law of Xi is the uniform distribution on the unit interval
r0, 1s. Then, transforming a uniform random variable into a random variable with a given
distribution using its quantile function, we easily construct measurable essentially pairwise
independent Euclidean-valued processes with any given prescribed marginals. So the ac-
tual problem is to construct rich product probability spaces in the sense of the following
definition.

Definition 4.46 A Fubini extension pI ˆΩ, I bF , λb Pq is said to be rich if there exists
a real valued I bF-measurable essentially pairwise independent processX such that the
law of Xi is the uniform distribution on r0, 1s for every i P I .

We refer to the Notes & Complements at the end of the chapter for references to papers
giving the construction of essentially pairwise independent measurable processes on Fubini
extensions.

The following gives a simple property of rich Fubini extensions.

Lemma 4.47 If the Fubini extension pI ˆ Ω, I b F , λ b Pq is rich, then λ is necessarily
atomless.

Proof: We shall argue by contradiction. If A P I, with λpAq ą 0, is an atom of pI, I, λq, then, for
P-a.e. ω P Ω, the function I Q i ÞÑ Xi

pωq is λ-a.e. constant on A. So for P-a.e. ω P Ω and λ-a.e.
i P A,

Xi
pωq “

ż

A

Xj
pωq

dλpjq

λpAq
,
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and using the Fubini property (4.29), we deduce that for λ-a.e. i P A, the random variable Ω Q ω ÞÑ
Xi
pωq is P-a.e. equal to the random variable θ : Ω Q ω ÞÑ

ş

A
Xj
pωqdλpjq{λpAq. Also, for any

event B P F ,

Prθ P Bs “ λb P
“

pi, ωq P I ˆΩ : Xi
pωq P B

‰

“

ż

I

PrXi
P Bsdλpiq “ Leb1pBq,

proving that θ, as a random variable on pΩ,F ,Pq, has the uniform distribution. In particular, Erθ2
s “

1{3.
On the other hand, we know that, for almost every i P I , the function I ˆ Ω Q pj, ωq ÞÑ

Xi
pωqXj

pωq is I bF-measurable. Also, by the Fubini property, the function I Q j ÞÑ ErXiXj
s is

integrable with respect to λ and
ż

I

ErXiXj
sdλpjq “ ErXiθs. (4.30)

Now, we observe that the function I ˆΩ Q pi, ωq ÞÑ Xi
pωqθpωq is also I bF-measurable. Hence,

I Q i ÞÑ ErXiθs is integrable with respect to λ and
ż

I

ErXiθsdλpiq “ Erθ2
s “

1

3
.

The contradiction comes from the fact that, for almost every i P I , Xi is independent to Xj for
almost every j P I . In other words, the left-hand side in (4.30) is equal to:

ż

I

ErXiXj
sdλpjq “

1

λA

ż

A

ErXi
sErXj

sdλpjq “
1

4
,

which gives the desired contradiction. ˝

We recall the following lemma from real analysis. A proof can be found in [11, Lemma
5.29].

Lemma 4.48 Let E be a Polish space, Dϕ : r0, 1s ˆ PpEq Ñ E measurable such that
@ν P PpEq

Leb ˝ ψp¨, νq´1 “ ν.

Given the result of the above lemma, we can prove the following crucial property of
rich Fubini extensions.

Proposition 4.49 If the Fubini extension pI ˆ Ω, I b F , λ b Pq is rich, if E is a Polish
space, and if µ : I ÞÑ PpEq is I-measurable, then there exists a I b F-measurable E-
valued essentially pairwise independent process Y : IˆΩ ÞÑ E such that for λ-a.e. i P I ,
P ˝ Y ´1

i “ µi.

Proof: Define Y pi, ωq “ ψpXi
pωq, µiq where X “ pXi

qiPI is an essential white noise with
marginal distribution the uniform distribution over r0, 1s. For i P I fixed, the mapping ω ÞÑ Xi

pωq
has a uniform distribution on r0, 1s, i.e. LpXi

q “ Lebpr0, 1sq. Since ψp¨, µiq takes the uniform
distribution on r0, 1s into µi, we conclude that Y i has distribution µi.

Since for λ´a.e. i P I , Xi is independent of Xj for λ´a.e. j P I , this implies that for λ´a.e.
i P I , ψpXi, µiq is independent of ψpXj , µjq for λ´a.e. j P I , which shows that Y is a white noise
with the desired properties. ˝
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Remark 4.50 It is very important to realize that Fubini extensions do not provide a
panacea to all the measurability problems of continuous white noise. It is a fact that, if
X “ pXiqiPI is essentially pairwise independent with values in a Polish space on a Fubini
extension pIˆΩ, IbF , λbPq and if I “ r0, 1s and pI, I, λq extends pr0, 1s,Br0,1s, λq then
the set of ω P Ω for which the sample function I Q i ÞÑ Xipωq is Lebesgue measurable
has P-probability 0.

4.5.5 The Exact Law of Large Numbers

An exact law of large numbers can be proven on Fubini’s extensions. In a weak form, this
law can be given in the following wasy.

Theorem 4.51 Let X “ pXiqiPI be a measurable square integrable process on a Fubini
extension pI ˆΩ, I b F , λb Pq. The following are equivalent:

(i) The random variable pXiqiPI are essentially pairwise uncorrelated;
(ii) For every A P I with λpAq ą 0, one has for P-almost surely in ω P Ω:

ż

A

Xipωqdλpiq “

ż

A

ErXisdλpiq.

Proof: First Step: We first check that if Y “ pY iqiPI and Z “ pZiqiPI are measurable and square
integrable processes on the Fubini extension pI ˆ Ω, I b F , λ b Pq, and if we set X̃i,j

pωq “
Y ipωqZjpωq for i, j P I and ω P Ω, then Ω Q ω ÞÑ X̃i,j is P-integrable for λ-a.e. i P I and
j P I . Now, proceeding as in the proof of Lemma 4.47 and using the Fubini property of the space,
we easily check that, for λ-a.e. i P I , the function I Q j ÞÑ ErX̃i,j

s is λ-integrable, that the
function I Q i ÞÑ

ş

I
ErX̃i,j

sdλpjq “ ErY i
ş

I
Zjdλpjqs is λ-integrable, that the function Ω Q ω ÞÑ

p
ş

I
Y ipωqdλpiqqp

ş

I
Zjpωqdλpjqq is P-integrable and that:

E
„ˆ

ż

I

Y ipωqdλpiq

˙ˆ
ż

I

Zjpωqdλpjq

˙

“

ż

I

ˆ
ż

I

ErX̃i,j
sdλpiq

˙

dλpjq. (4.31)

Second Step: Let A,B P I, and let us define the processes Y “ pY iqiPI and Z “ pZiqiPI by
pY i “ 1ApiqpX

i
´ ErXi

sqqiPI and pZi “ 1BpiqpX
i
´ ErXi

sqqiPI respectively. Applying (4.31)
from the first step we get:

ż

A

ż

B

E
”´

Xi
´ ErXi

s

¯´

Xj
´ ErXj

s

¯ı

dλpiqdλpjq

“ E
„
ż

A

´

Xi
´ ErXi

s

¯

dλpiq

ż

B

´

Xj
´ ErXj

s

¯

dλpjq



,

(4.32)

and the implication (i) ñ (ii) follows by taking B “ A. On the other hand, if we assume that (ii)
holds, equation (4.32) implies that:

ż

A

ż

B

E
”´

Xi
´ ErXi

s

¯´

Xj
´ ErXj

s

¯ı

dλpiqdλpjq “ 0

for all A,B P I. The set A P I being arbitrary, we conclude that:
ż

B

E
”´

Xi
´ ErXi

s

¯´

Xj
´ ErXj

s

¯ı

dλpjq “ 0,
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for λ-a.e. i P I . So for λ-a.e. i P I , B P I being arbitrary, we conclude that:

E
”´

Xi
´ ErXi

s

¯´

Xj
´ ErXj

s

¯ı

“ 0

for λ-a.e. j P I which completes the proof. ˝

Theorem 4.51 provides a form of the weak law of large numbers for essentially pair-
wise uncorrelated uncountable families of random variables. Here is a stronger form for
essentially pairwise independent families of random variables.

Theorem 4.52 Let E be a Polish space and X “ pXiqiPI be a measurable E-valued
process on a Fubini extension pI ˆ Ω, I b F , λ b Pq such that the random variables
pXiqiPI are essentially pairwise independent. Then, for P almost every ω P Ω and for any
B in the Borel σ-field BpEq,

λ
“

ti P I : Xipωq P Bu
‰

“

ż

I

P
“

Xi P B
‰

dλpiq.

Of course, we may choose E as a Euclidean space, in which case we get a strong form
of the exact law of large numbers for essentially pairwise independent families of random
variables with values in Rd, for some d ě 1. By choosingE as a functional space, the same
holds true for a continuum of essentially pairwise independent random processes.

Finally, we can also derive conditional versions of these exact laws. We do not give
the details here because we want to keep the presentation to a rather non-technical level
since our motivation is merely to connect our approach to mean field games to the existing
literature on games with a continuum of players. The interested reader is referred to the
Notes & Complements at the end of the chapter for references.

4.5.6 More Unexpected Behavior and finally, a Positive Existence Result

In this final section, we assume that the probability space pΩ,F ,Pq is the product probabil-
ity space constructed via Kolmogorov’s existence theorem from a Polish space E equipped
with its Borel σ-field BE and a fixed probability measure µ, the index set of the product
being the unit interval I “ r0, 1s. Recall that using a notation introduced earlier, P “ Pµ.

First we address the following natural question: Can the product probability space
pΩ,F ,Pµq be a component of a Fubini extension together with the unit interval I “ r0, 1s?
The following result gives a negative answer to this question.

Proposition 4.53 For I “ r0, 1s, there is no atomless probability space pI, I, λq satisfying

• pI ˆ Ω, I b F , λ b Pq is a Fubini extension with marginals pI, I, λq and pΩ,F ,Pq
with P “ Pµ.

• X “ pXiqiPI is I b F measurable.

Proof: Suppose that such a Fubini extension exists and try to reach a contradiction. Take E “ R,
B a non-empty interval in E such that µpBq ă 1 and c P B. We define two functions h : I Q i ÞÑ
hpiq “ c P E and g “ 1B ˝X : I ˆΩ Ñ E, so that for every pi, ωq P I ˆΩ,

gpi, ωq “

"

1 if Xi
pωq P B

0 otherwise.



We prove that PpMhq “ 0, contradicting the result of Lemma 4.41.
Notice that g is bounded and IbF measurable sinceX is, and pgpi, ¨qqiPI inherits the indepen-

dence properties ofX . So by the exact law of large numbers,

λ ˝ g´1
ω “ pλb Pq ˝ g´1

for P-almost every ω P Ω, where gω “ gp¨, ωq for ω P Ω. Evaluating both sides on B, we get

λpg´1
ω pBqq “ pλb Pqpg´1

pBqq

for P-almost every ω P Ω, or equivalently

λpti P I; Xi
pωq P Buq “

ż

λpdiqgpi, ωq “

ż

λpdiqPpdωqgpi, ωq “
ż

λpdiqµpBq “ µpBq ă 1.

So for P-a.e. ω P Ω, X ¨pωq “ ωp¨q R Mh. This is because if ω P Ω such that X ¨ıMh, then
Xi
pωq “ hpiq “ c except for countably many i P I , hence for λ-almodt every i P I , and since

h ” c and c P B, we conclude that λpXpωq´1
pBqq “ 1. Xi

pωq P B. If that were to happen
except for countably many i, then λ´measure of those i’s would be 1 since λ is atomless. Hence
PpMhq “ 0 which gives the desired contradiction. ˝

Still, the following result comes to save the day.

Proposition 4.54 There exist an atomless probability space pI, Ĩ, λ̃q and a probability
space pΩ, F̃ , P̃q extending pΩ,F ,Pµqsuch that

(i) There is a rich Fubini extension pI ˆΩ, Ĩ b F̃ , λ̃b P̃q;
(ii) The coordinate processX “ pXiqiPI is I b F̃-measurable.

84



5

Signals and Correlated Equilibria

Summary. We first review the abstract set-up of the search for mixed Nash equilibrium and we
extend this notion to correlated equilibrium. This generalized form of equilibrium seems to have
been introduced by R. Aumann in [?].

5.1 MIXED STRATEGIES, SIGNALS, AND CORRELATED EQUILIBRIUM

As in the previous chapters, we consider static games first.

5.1.1 Correlated Equilibria

Consider N players and let us denote their set by rN s “ t1, . . . , Nu. Let Ai be the set of
actions available to player i P rN s, Ai be a σ-field on Ai and let A “ A1 ˆ ¨ ¨ ¨ ˆ AN be
the set of strategy profiles and A “ A1 b ¨ ¨ ¨ b AN the product σ´field on A. Next we
consider a cost function for each player J : AÑ RN where J “ pJ iqi“1,...,N .

We denote by G “ prN s, A, Jq the game defined by the above quantities.

Let Σi “ PpAiq be the set of mixed strategies for player i. This is the set of probability
measures on the measurable space pAi,Aiq. If Ai is a finite set, the Σi “ ∆pAiq is just
a simplex. Let Σ “ Σ1 ˆ ¨ ¨ ¨ ˆ ΣN be the set of mixed strategy profiles. If π P Σ, then
there exists π1, . . . , πN with πi P PpAiq such that π “ pπ1, . . . , πN q. Since they are
in one-to-one correspondence, we identify the mixed strategy profiles π “ pπ1, . . . , πN q
with the product measures π1 b . . . b πN P PpAq. Thus, Σ can be viewed as the set of
product probability measures on pA,Aq and it is a subset of the set of all the probability
distributions on pA,Aq, namely Σ Ă PpAq.

Remark 5.1 It is very important to emphasize that for every mixed strategy profile π P Σ,
the individual strategies of the N players are sampled independently according to their
marginal distributions pπiqi“1,...,N . However, for any π P PpAq, one can imagine a (ran-
dom) strategy profile pα1, . . . , αN q „ π for which the individual actions pαiqiPN are not
sampled independently according to the marginal distribution πi “

ş

A´i
πp¨, dα´iq on

pAi,Aiq, but instead, sampled jointly according to the joint distribution π. This last point
is at the root of the notion of correlated equilibrium which we study next.

To emphasize the specific nature of a correlated equilibrium, we introduce the notion in
parallel with the notion of mixed equilibrium in order to highlight the differences between
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the two notions. For this reason, we recall the definition and the notations used when we
first introduced mixed equilibria. As always when we use mixed strategies, we actually
work with the extended game introduced early. In order to avoid using too many tildes ˜
complicating the notation, we redefine the components of the extended game from scratch.
We extend the cost function J formA to the setΣ Ă PpAq in a natural way. More precisely,
we consider J : Σ Ñ RN such that for every i P rN s,

J ipπq “

ż

J ipα1, . . . , αN qπ1pdα1q . . . πN pdαN q. (5.1)

In other words, J ipπq is the integral of the functionα ÞÑ J ipαq with respect to the product
measure π1b . . .bπN . If Ai are finite for all i P rN s, then the above extension of the cost
function reads

J ipπq “
ÿ

α“pα1,...,αN qPA

J ipα1, . . . , αN q
N
ź

j“1

πjpαjq.

Definition 5.2 An element πi P Σi is called a mixed strategy for player i P rN s. An
element π P Σ is called a mixed strategy profile. We define the extended game with mixed
strategy by G “ prN s, Σ, Jq.
A mixed strategy profile π˚ “ pπ1,˚, . . . , πN,˚q is said to be a mixed Nash equilibrium
for the original game G “ prN s, A, Jq if it is a Nash equilibrium for the extended game
G “ prN s, Σ, Jq.

We now introduce the important concept of correlated equilibrium.

Definition 5.3 A probability measure π P PpAq (which is not necessarily a product dis-
tribution) is said to be a correlated equilibrium (cNE) if for πi-a.e. αi P Ai and πi-a.e.
α̃i P Ai, we have

ż

A´i
J ipαi,α´iqπpdα´i|αiq ď

ż

A´i
J ipα̃i,α´iqπpdα´i|αiq. (5.2)

where πi is the marginal distribution of π on the space pAi,Aiq.

In words, for a particular player, say i P rN s, and for a given signal/recommendation,
say αi P Ai, then conditional on this knowledge, the signal αi is the best response of player
i against the other players playing according to the joint probability distribution π P PpAq.

Remark 5.4 If the sets Ai are finite for all i P rN s, then for every function ϕ on A and
αi P Ai,

ż

A´i
ϕpαqπpdα´i|αiq “

ÿ

pα1,...,αi´1,αi`1,...,αN q

ϕpα1, . . . , αN q
πpα1, . . . , αN q
ř

α´i πpαq
.

So the above condition for (cNE) rewrites
ÿ

α´i

Jpαi,α´iqπpαi,α´iq ď
ÿ

α´i

Jpα̃i,α´iqπpαi,α´iq.



5.1 Mixed Strategies, Signals, and Correlated Equilibrium 87

Given the above definition, the following proposition is straightforward. We state it
without proof because of its importance.

Proposition 5.5

1. If pπ1, . . . , πN q is a mixed NE, then π “ π1 b ¨ ¨ ¨ b πN is a correlated equilibrium.
2. If pπkqk“1,...,K P pPpAqqK are correlated equilibria and if ppkqk“1,...,K P r0, 1s

K is
such that

řK
k“1 pk “ 1, then π “

ř

k pkπk is also a correlated equilibrium. In other
words the set (cNE) of correlated Nash equilibria is a convex set.

Remark 5.6 Notice that it is NOT true in general that a convex combination of mixed Nash
equilibria is a mixed Nash equilibrium.

Remark 5.7 While the above sobering remark says that the set of values of the mixed Nash
equilibria may not be convex, the structure of its convex hull is not too complex. Indeed,
we can extend the definition (5.1) of the cost function to accommodate general correlated
random strategies. Using the same notation:

J ipπq “

ż

J ipα1, . . . , αN qπpdα1, . . . , dαN q. (5.3)

for π P PpAq defining in this way a cost function J : PpAq Ñ RN . The set of values of the
mixed Nash equilibria is given by:

JmNE “ tJpπq, π P Σ mixed Nash equilibriumu Ă RN .

We denote by coJmNE its convex hull. By Carathéodory theorem, for any J P coJmNE ,
there exists at most N ` 1 mixed Nash equilibria π1, . . . , πN`1 and N ` 1 non-negative
real values p1, . . . , pN`1 P r0, 1s with

řN`1
k“1 pk “ 1 such that

J “
N`1
ÿ

k“1

pkJpπkq.

We shall use this fact later on in these lectures.

The numerical computation of correlated equilibria is a difficult challenge, even when the
action spaces Ai are finite. For practical algorithms for the computation of correlated equi-
libria in polynomial time, the reader is referred to [?].

5.1.2 Signals

All the random quantities used in this section are assumed to be defined on a probability
space pΩ,F ,Pq. The idea behind the discussion of this section is to sample from the state
of the world ω P Ω, and then provide a signal or a recommendation to each player based
on that sample. Let ξ be an A-valued random variable on pΩ,F ,Pq, that is ξ : Ω Ñ A is
pF ,Aq-measurable. Since A “ A1 ˆ . . . ˆ AN , we can write ξ “ pξ1, . . . , ξN q in which
case ξi P Ai is interpreted as the signal or recommendation for player i.

Let π “ Lpξq “ P ˝ ξ´1 P PpAq, i.e. πpBq “ Ppξ P Bq for all B P A be the
push forward of the probability P, in other words, the law of the random quantity ξ. We
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notice that π is not necessarily a product measure, in other words, the N signals are not
necessarily independent since they can depend upon each other.

In general, for every i P rN s, we denote by πi “ Lpξiq P PpAiq the marginal law
of ξi on pAi,Aiq, namely the push forward of P by ξi, and by πp¨|ξi “ αiq P PpA´iq
the conditional law of ξ´i on pA´i,A´iq given that ξi “ αi. So for any measurable and
bounded function f on A we have:
ż

fpαqπpdαq “ Erfpξ1, . . . , ξN qs “ E
“

Erfpξ1, . . . , ξN q|ξis
‰

“

ż

Ai

´

ż

A´i
fpαi,α´iqπpdα´i|ξi “ αiq

¯

πipdαiq

Accordingly, saying that the law of ξ is a correlated Nash Equilibrium (cNE) is equivalent
to saying that @i P rN s,@α̃i P Ai,

E
“

J ipξi, ξ´iq|ξi
‰

ď E
“

J ipα̃i, ξ´iq|ξi
‰

. P´ a.s.,

or in other words, for every α̃i P Ai,

E
“

J ipαi, ξ´iq|ξi “ αi
‰

ď E
“

J ipα̃i, ξ´iq|ξi “ αi
‰

, πi ´ a.e αi P Ai.

Definition 5.8 (Information structure) An information structure is a tuple

pΩ, pF iqiPrNs, pPiqiPrNsq,

where Ω is the state of the world, and for each i P rN s, F i is the set of events known to
player i, and Pi is a probability measure on the measurable space pΩ,F iq.

The measure Pi is interpreted as the probability measure of player i. For example, given
pΩ,F ,Pq and a signal ξ “ pξ1, . . . , ξN q, we can choose F Ą F i “ σtξiu “ ttξi P
Bu;B P Aiu for the set of events which depend only upon the signal ξi of player i, and
Pi “ P|Fi the restriction of the probability measure P to this class of events.

5.1.3 Examples

Example 1.
We first consider the classical game model known under the name of Battle of the Sexes. A
couple, wife and husband, have to choose between going to the opera or a soccer game. The
rewards for the different choices are given in Table 5.1. Uncharacteristically given how we
proceeded so far, we use rewards instead of costs, so in this example, the players (husband
and wife) try to maximize their rewards.

• In this game, there are two Nash equilibria in pure strategies: α1 “ α2 “ Opera, and
α1 “ α2 “ Soccer.

• If one uses mixed strategies given by probability distributions as in Table 5.2, one can
see that there is also one (non-pure) Nash equilibrium in mixed strategies: wife chooses
opera with probability p “ 4{5 and husband chooses opera with probability q “ 1{5.
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Wife
Husband Opera Soccer

Opera p4, 1q p0, 0q
Soccer p0, 0q p1, 4q

Table 5.1: Battle of sexes: reward table

Wife
Husband Opera Soccer

Opera pq pp1´ qq
Soccer p1´ pqq p1´ pqp1´ qq

Table 5.2: Battle of sexes: typical probability distribution π P Σ giving a mixed strategy profile.
Here πwifepOperaq “ p and πhusbandpOperaq “ q.

• However, one can see by inspection that there are many correlated equilibria, case in
point:

πop,op “ 0.5 “ πsoc,soc, πop,soc “ πsoc,op “ 0,

is one of them.

Example 2.
We now consider the classical game model known as the traffic light dilemma. The costs
to the two players (driver of car 1 and driver of car 2) are given in Table 5.3 below. While
the possible actions are stated as Stop and Go in this table, we shall abbreviate them to S
andG in the discussion and the computations below. Note that in this example, both drivers
want to minimize their cost.

Car 1
Car 2 Stop Go

Stop p0, 0q p0,´1q
Go p´1, 0q p100, 100q

Table 5.3: Traffic light game: costs.

• Pure Nash equilibria:
– pα1, α2q “ pG,Sq is a pure Nash equilibrium. Indeed, J1pG,Sq “ ´1 ă 0 “

J1pS, Sq, and J2pG,Sq “ 0 ă 100 “ J2pG,Gq.
– Similarly, pα1, α2q “ pS,Gq is also a Nash equilibrium in pure strategies.

• Mixed Nash equilibria: to compute them all, let us denote by π “ pπ1, π2q a generic
strategy profile in mixed strategies, and let p “ π1pSq and q “ π2pSq so that 1 ´ p “
π1pGq, and 1´ q “ π1pGq. The cost to player 1 is
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J1pπq “ J1pS, Sqπ1pSqπ2pSq ` J1pS,Gqπ1pSqπ2pGq

` J1pG,Sqπ1pGqπ2pSq ` J1pG,Gqπ1pGqπ2pGq

“ ´qp1´ pq ` 100p1´ pqp1´ qq

“ p1´ pqp100´ 101qq

and similarly the cost for the second player is

J2pπq “ p1´ qqp100´ 101pq.

We first compute the best response π1˚ of the first player to the mixed strategy π2 of
the second player. We identify the search for π1˚ to the search for a probability p˚ and
we use the fact that π2 is given by the probability q:
– if q ă 100{101, J1pπq is minimum when p˚pqq “ 1;
– if q “ 100{101, p˚pqq can be anything;
– if q ą 100{101, J1pπq is minimum when p˚pqq “ 0;
Similarly, we determine the best response q˚ of the second player when the first player
acts with probability p:
– if p ă 100{101, then q˚ppq “ 1;
– if p “ 100{101, then q˚ppq can be anything;
– if p ą 100{101, then q˚ppq “ 0.
By definition the equilibria are the mixed strategies π given by couples pp, qq P r0, 1s2

such that p˚pqq “ p and q˚ppq “ q. We find
– pp, qq “ p0, 1q, which is a pure Nash equilibrium, hence a mixed Nash equilibrium

as well;
– pp, qq “ p1, 0q which is a pure Nash equilibrium, hence a mixed Nash equilibrium

as well;
– pp, qq “ p100{101, 100{101q: indeed if p “ 100{101, then q˚ppq can a priori be

anything. But due to the fixed point condition, we have necessarily q “ q˚ppq “
100{101. Otherwise p “ p˚pqq “ p˚pq˚ppqq P t1, 0u, contradiction. This proves
that there is a unique Nash equilibrium in non-pure mixed strategies.

To complete the analysis of these equilibria, we compute the social cost:

Jpπq “
ÿ

pa,bqPtS,Gu2

pJ1pa, bq ` J2pa, bqqπa,b.

For the Nash equilibria in pure strategies, we find J “ ´1 in both cases. However, for
the Nash equilibrium in mixed strategies we find:

J “
100

1012
´

100

1012
`

200

1012
“ 0.

So the latter is worse than the NE in pure strategies.
• Correlated equilibria: We now turn our attention to correlated equilibria. Such an

equilibrium, if it exists, is given by a strategy profile which is a probability distribution
π over tS,Gu2 which is not necessarily the product of two probability distributions
over tS,Gu. We shall use the fact that for any such π, we have πS,S “ 1 ´ πG,S ´
πS,G ´ πG,G. Recall that the definition of a correlated equilibrium says that for player
i P t1, 2u, and for every αi P tS,Gu and α̂i P tS,Gu,
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ż

J ipαi, α´iqπpdα´i|αiq ď

ż

J ipα̂i, α´iqπpdα´i|αiq.

In the current example, we have only two players and two actions per player. The in-
equality holds automatically when α̂i “ αi P tS,Gu, so we have only two inequalities
to check for each player.
We first consider the case of player i “ 1.
– Consider α1 “ S, α̂1 “ G. We want to have

J1pS, SqπS,S ` J
1pS,GqπS,G ď J1pG,SqπS,S ` J

1pG,GqπS,G

which can be rewritten as

0 ď ´πS,S ` 100πS,G.

Using the fact that π is a probability distribution, the above inequality rewrites

101πS,G ` πG,S ` πG,G ě 1. (5.4)

– Consider now α1 “ G, α̂1 “ S. We want to have

J1pG,SqπG,S ` J
1pG,GqπG,G ď J1pS, SqπG,S ` J

1pS,GqπG,G

which rewrites
´πG,S ` 100πG,G ď 0,

or equivalently
100πG,G ď πG,S . (5.5)

Likewise, for player i “ 2,
– Consider α2 “ S, α̂2 “ G. We want to check that

J2pS, SqπS,S ` J
2pG,SqπG,S ď J2pS,GqπS,S ` J

2pG,GqπG,S

which rewrites
0 ď ´πS,S ` 100πG,S .

Using the fact that π is a probability distribution, the above inequality rewrites

101πG,S ` πS,G ` πG,G ě 1. (5.6)

– If now α2 “ G and α̂2 “ S, we want

J2pS,GqπS,G ` J
2pG,GqπG,G ď J2pS, SqπS,G ` J

2pG,SqπG,G

which rewrites
´πS,G ` 100πG,G ď 0,

or equivalently
100πG,G ď πS,G. (5.7)
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So a probability distribution π on tS,Gu2 is a correlated equilibrium if it satisfies the
above four inequalities (5.4), (5.5), (5.6), (5.7). As expected, one easily checks that the
mixed Nash equilibrium found earlier satisfies the 4 inequalities. Indeed,

• for pp, qq “ p1, 0q we have πS,S “ πG,G “ πG,S “ 0 and πS,G “ 1.
• for pp, qq “ p0, 1q we have πS,S “ πG,G “ πS,G “ 0 and πG,S “ 1.
• for pp, qq “ p100{101, 100{101q, we have πS,S “ 1002

1012 , πS,G “ πG,S “
100
1012 and

πG,G “
1

1012 .

To limit the search for correlated equilibria we restrict ourselves to symmetric equi-
libria for which πG,S “ πS,G. With this extra demand, a joint probability distribution
π P PptS,Gu2q is a symmetric correlated equilibrium if it satisfies the following two in-
equalities:

100πG,G ď πG,S , 102πG,S ` πG,G ě 1. (5.8)

If we compute the social cost associated to such a joint (symmetric) probability distribution
π P PptS,Gu2q, we see that the social cost which should be of the form

J “ ´πS,G ´ πG,S ` 200πG,G,

becomes
J “ 2p´πG,S ` 100πG,Gq,

and if we want to look for symmetric correlated equilibria with small social costs, we see
that πS,G “ πG,S “ 1{2 and πG,G “ πS,S “ 0 is a symmetric correlated equilibrium since
it satisfies the constraints given by the inequalities (5.8) and its social cost is J “ ´1.

So while the non-pure equilibrium in mixed strategy had a worse social cost than the
Nash equilibria in pure strategies, for the particular cost functions given in Table 5.3, sym-
metric correlated equilibria can achieve the same social cost than the equilibria in pure
strategies, but they cannot do better.

5.1.4 Coarse Equilibria and Regret

There is another popular notion of equilibrium which is even weaker than the notion of
correlated equilibrium. It is called coarse correlated equilibrium. π P PpAq is such an
equilibrium if for all i P rN s, for all α̂i P Ai

ż

J ipαqπpdαq ď

ż

J ipα̂i,α´iqπpdαq.

Intuitively, the notion of the best response is understood in an average sense for this notion
of equilibrium.

Conveniently associated to this notion of equilibrium is the notion of regret.

Definition 5.9 For every α P A, for every i P rN s, and for any measurable function
ϕi : Ai Ñ Ai, we define the regret of player i with respect to pα, ϕiq by

Ripα, ϕ
iq “ J ipϕipαiq,α´iq ´ J ipαq.

The function ϕi is called a strategy modification.
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The condition for a coarse correlated equilibrium (ccNE) can be written as follows: for
all i P rN s, for all constant strategy modification ϕi, i.e. ϕip¨q “ α̂i with some α̂i P Ai,
we have

ż

Ripα, ϕ
iqπpdαq ě 0.

Proposition 5.10 A joint probability distribution π P PpAq is a coarse correlated equilib-
rium if and only if for every i P rN s and for every strategy modification ϕi,

ż

Ripα, ϕ
iqπpdαq ě 0.

Proof: One way to think about this is to view π “ Lpξ1, . . . , ξN q as a set of strategy modification.
Specifically, the strategy modification ϕi changes π to Lpϕipξiq, ξ´iq P PpAq. ˝

Later on in these lectures, we move on to multiple stages and dynamic games. For a
quick summary capturing many of the results seen so far for one stage game, we have

NE Ă mNE Ă cNE Ă ccNE

and while we do not always have existence of NEs, generically, we have existence of mixed
NEs (and hence cNE and ccNE).

5.2 CORRELATED EQUILIBRIA FOR GRAPHON GAMES

Let w : r0, 1s ˆ r0, 1s Ñ r0, 1s be a graphon kernel and Aw : L2pr0, 1s;Rkq Ñ
L2pr0, 1s;Rkq the corresponding graphon operator

rAwf spxq “

ż

fpyqwpx, yqdy.

Recall that Aw is a compact operator on L2pr0, 1s;Rkq. Let J : Rk ˆ Rk Q pα, zq ÞÑ
Jpα, zq P R be the cost function of the game and recall that a Nash equilibrium is a strategy
profile α : r0, 1s Ñ Rk such that for almost every x P r0, 1s and α1 P Rk,

Jpαpxq, zpx|αqq ď Jpα1, zpx|αqq,

where zpx|αq “ rAwαspxq “
ş

r0,1s
wpx, yqαpyqdy. Intuitively, Jpα, zq should be under-

stood as the cost to any player taking action α when the graphon aggregate of the other
players’ actions is z. One more time, we stress that J is defined everywhere but the re-
quirement for the Nash equilibrium is only almost everywhere.

In order to consider correlated equilibria, we need first to introduce the notion of mixed
strategy in the context of graphon games. Recall that for each player x, the set of admissible
actions is Ax, a Borel subset of a closed convex set A0 Ă Rk. Recall that we use the
notation I “ r0, 1s when we want to emphasize that r0, 1s is the set of players in the
graphon game.
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Definition 5.11 A mixed strategy for player x P I , denoted by πx, is a probability measure
on Rk concentrated on Ax, namely πx P PpRkq such that πxpAxq “ 1.

A mixed strategy profile, denoted by pπxqxPI , is a collection of mixed strategies for
players indexed by I “ r0, 1s such that the mapping I Q x ÞÑ πx P PpRkq is measurable.

The notion of measurability of x ÞÑ πx can be defined in various ways:

• for all B P BpRkq, the map x ÞÑ πxpBq is measurable;
• for all f : Rk Ñ R continuous with compact support, the function x ÞÑ

ş

Rk fpαqπ
xpdαq

is measurable.

Classical monotone class arguments from measure theory can be used to prove that these
two statements are equivalent.

Recall that in the case of an N -player game, say G “ prN s, A “ A1 ˆ ¨ ¨ ¨ ˆ AN , J “
pJ iqiPrNsq, we defined the notion of Nash equilibrium in mixed strategies as a Nash equilib-
rium for the corresponding extended game G̃. In the present context, the set of players rN s
should be replaced by I “ r0, 1s, and the set A, when viewed as a product space, should
be replaced by the continuum product A “

ś

xPI A
x. Recall that the space of admissible

strategy profiles was defined as a smaller space, namely the subset A of this product spaceA
comprising the (equivalent classes of) measurable and square integrable functions α from
I into Rk such thatαpxq P Ax for almost every x P I . The natural extension Ã of the space
A of admissible strategy profiles should be defined from the product Ã “

ś

xPI PpAxq as
the subset of the families pπxqxPI P Ã which are measurable in x in any of the senses given
above.

Remark 5.12 1. To generalize the notion of mixed Nash equilibrium introduced for N -
player games to the context of graphon games, it is natural to consider the product
measure

P0 “
â

xPI

πxpdαxq on the product space A “
ź

xPI

Ax.

2. Recall that for N players, we found it convenient to approach the mixed strategies as
laws of random variables pξiqiPrNs such that Lpξiq “ πi and which can be viewed
as recommendations. The difference between Nash equilibria in mixed strategies and
correlated equilibria could then be read off the independence of the ξi, or their lack
thereof. Here we would like to use the same idea with a continuum of random variables
pξxqxPI . Obviously, we will have to work with a Fubini extension to define these objects
rigorously if and when we want the ξx to be independent and depend measurably in
x P I .

3. As an aside, let us mention an analogy with stochastic optimal control in continuous
time. Let us assume that for t P r0, 1s,

dXt “ αtdt` dWt

where Xt is the state of the system at time t, αt is the control exerted by the controller,
and the goal is to minimize the cost functional

Jpαq “ E
„
ż 1

0

1

2
|αt|

2dt` . . .



.
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We seek to minimize J over some set A of admissible controls which consists of stochas-
tic processes α : r0, 1sˆΩ Ñ Rk satisfying some extra conditions. Since this optimiza-
tion problem may not have a solution, or since conditions for existence of an optimal
control may be hard to come by, the notion of relaxed control has been introduced
to alleviate some of these difficulties. Relaxed controls are measure-valued stochastic
processes of the form π : r0, 1s ˆ Ω Ñ PpRkq with πtpωq P PpRkq for t P r0, 1s
and they bear strong relationships to the mixed controls we want to introduce to solve
graphon games. Indeed, if we forget the stochastic aspect (and remove Ω from the set-
up), these relaxed controls can be viewed as probability measures π P Ppr0, 1s ˆ Rkq
for which the first marginal is the Lebesgue measure. In other words, if we use their
disintegration into conditional probabilities with respect to their first marginals,

πpdt, dαq “ πtpdαqdt,

or equivalently,

ż

fpt, αqπpdt, dαq “

ż 1

0

dt

ˆ
ż

fpt, αqπtpdαq

˙

,

for every bounded measurable function f . Clearly, the kernel r0, 1s Q t Ñ πt look
exactly like the mixed strategy profiles we want to analyze in the case of graphon games
if we swap the time variable t for the player index x.

Back to our graphon games. Using the same type of cost function pα, zq ÞÑ Jpα, zq as
before, we would like to define the cost to player x P I if all the players use the mixed
strategy profile π “ pπxqxPI , via the value J̃xpπq of a function J̃x defined for each mixed
strategy profile π as an extension of the original cost function by the formula:

J̃xpπq “

ż ż ż

J
´

α,

ż

I

wpx, yqαydy
¯

πxpdαq
ź

y‰x

πypdαyq

“

ż ż

Jpα, zqπxpdαqπw,xpdzq

if we denote by πw,x the push forward of the measure P0 “
Â

xPr0,1s π
xpdαxq by the map

pαyqyPI ÞÑ
ş

I
wpx, yqαydy. This push forward measure has a simple expression when P0

is a product measure, or to be more rigorous, when the pαyqyPI are essentially pairwise
independent. Indeed, in this case, the exact law of large numbers applied for each fixed
x P I to the essentially pairwise independent random variables Xypωq “ wpx, yqωpyq
says that for P0-almpst surely in ω,

ż

I

Xypωqdy “

ż

I

EP0rXysdy

or in other words
ż

I

wpx, yqωpyqdy “

ż

I

wpx, yq
´

ż

Rk
απypdαq

¯

dy “

ż

Rk
α
´

ż

I

wpx, yqπypdαqdy
¯
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which is not random, identifying the push forward measure as the Dirac point mass at the
mean of the measure

πw,xpdαq “

ż

I

wpx, yqπypdαqdy P PpRkq (5.9)

which is the aggregate (weigted by the graphon weights wpx, yq) of the mixed strategies
πypdαq of all the players viewed from the point of view of player x P I , and which is in
full analogy with the definition of the pure aggregate zpx|αq.

Definition 5.13 The mixed strategy profile π “ pπxqxPI is said to be a mixed Nash Equi-
librium (mNE) for the graphon game with interaction graphon w if for almost every x P I
and for all θ P PpRkq such that θpAxq “ 1 we have:

J̃xpπq ď

ż

Jpα, zqθpdαqπw,xpdzq.

where πw,x is defined by (5.9).

Given a mixed strategy profile π “ pπxqxPI , Proposition 4.49 says that there exists a
white noise pξxqxPI of essentially pairwise independent A0-valued random variables satis-
fying Lpξxq “ πx for all x P I . Note that the above definition of the cost J̃xpπq can be
rewritten as:

J̃xpπq “ E
”

J
´

ξx,

ż

I

wpx, yqξydy
¯ı

and π “ pπxqxPI is a Nash equilibrium in mixed strategies if for almost every x P I and
for any random variable θx with values in Ax we have:

J̃xpπq ď E
”

J
´

θx,

ż

I

wpx, yqξydy
¯ı

.

Now, take any measurable A0-valued process pξxqxPI (not necessarily of essentially
pairwise independent random variables) on a probability space pΩ,F ,Pq. By Kolmogorov’s
theorem we know that, up to the measurability requirement which is crucial for us for the
formulas below to make sense, such a process could be defined through a probability mea-
sure P on the product space pΩ,Fq “ ppRkqIpBkqIq such that the marginal distribution
at x coincides with that of ξx. In any case, we set πx “ P ˝ pξxq´1 for these marginal
distributions. Denoting by E the expectation under this probability P, we have

Jxpπq “ E
„

J

ˆ

ξx,

ż 1

0

wpx, yqξydy

˙

,

and if we define the process z “ pzpx|ξqqxPr0,1s by

zpx|ξq “

ż

wpx, yqξydy

the latter can be interpreted as the graphon weighted aggregate signal and it is natural to
introduce the following definition. Note that the fact that for each ω P Ω fixed the function
y ÞÑ ξypωq is measurable is crucial for the above integrals to make sense.
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Definition 5.14 For a given mixed strategy profile π “ pπxqxPI , we say that a probability
distribution P satisfies πx “ P ˝ pξxq´1 for every x P I is a correlated equilibrium if

Jxpπq ď E
„

J

ˆ

ζ,

ż 1

0

wpx, yqξydy

˙

,

for almost every x P I and for all Ax-valued random variable ζ.

With this definition of correlated equilibrium, the notion of mixed Nash equilibrium (mNE)
can be reformulated in the following way: π “ pπxqxPr0,1s is a mixed Nash equilibrium if
and only if the product measure P0 is a correlated equilibrium in the sense of the above
definition.

5.3 LARGE BAYESIAN GAMES AND COURNOT COMPETITION

We first describe mathematically how under some very specific conditions, one can take
the limit when the number N of players tends to 8 and obtain limiting objects of the
anonymous game type.

5.3.1 Anonymous Games as Limits

In an N -player game, we denote by Θi the set of possible types of player i P rN s, and
the set of type profiles is denoted by Θ “ Θ1 ˆ ¨ ¨ ¨ ˆ ΘN . We also denote the set of pure
strategy profiles by A “ A1ˆ¨ ¨ ¨ˆAN . Here, we consider game models which have some
kind of symmetry among the players. Previously, the cost to to player i P rN s depended
on the type profile and the strategy profile pθ,αq of all players and we would write it as
J ipθ,αq. Now we consider costs which take the form:

J ipθ,αq “ J0

˜

θi, αi,
1

N ´ 1

N
ÿ

j“1,j‰i

δpθi,αiq

¸

for some common function J0. In particular,

J ipθi, αi, pθj , αjqj‰iq “ J ipθi, αi, pθσpjq, ασpjqqj‰iq

Furthermore, we assume that all the type sets Θj for j P rN s are identical, and we denote
their common value by Θ0. Similarly, we assume that all the feasible control sets Aj for
j P rN s are the same and we denote their common value by A0. So the function J0 used
above to define the individual casts is of the form:

J0 : Θ0 ˆA0 ˆ PpΘ0 ˆA0q Ñ R.

The following proposition (borrowed from [10]) is a rigorous justification of the in-
tuitive fact that the symmetry among the players implies that for large games, the cost
function J0 can indeed be derived from a function of measures.
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Lemma 5.15 Let E be a compact metric space, and for each integerN , let uN : EN Ñ R
be symmetric, i.e.,

uN ppxiqiPrNsq “ uN ppxσpiqqiPrNsq

for any permutation σ : rN s Ñ rN s of the indices t1, . . . , Nu. Furthermore we assume:

1. uniform boundedness:

sup
Ně1

sup
pxiqiPrNsPEN

ˇ

ˇuN
`

pxiqiPrNs
˘
ˇ

ˇ ă `8;

2. uniform Lipschitz continuity: there exists a constant c ą 0 such that for all N ě 1 and
for all X,Y P EN ,

ˇ

ˇuN pXq ´ uN pY q
ˇ

ˇ ď cρ
`

µ̄NX , µ̄
N
Y

˘

where µ̄NX “ 1
N

řN
j“1 δXj is the empirical measure, and ρ is a metric on PpEq for

weak convergence.

Then there is a subsequence puNkqkě1 and a Lipschitz continuous map U : PpEq Ñ R
such that

lim
kÑ`8

sup
XPENk

|uNkpXq ´ Upµ̄NkX q| “ 0.

Intuitively, the above result says that a symmetric function of a large number of vari-
ables can be approximated by a function of the empirical distribution when the number of
variables is large enough.

The relevance of this result to our current concerns is to allow us to apply it to the set
EN´1 “ pΘ0 ˆA0q

N´1 for uN´1p¨q “ J ipθi, αi, ¨q to be able to say

J ipθi, αi, pθj , αjqj‰iq « J0

˜

θi, αi,
1

N ´ 1

ÿ

j‰i

δpθj ,αjq

¸

.

In fact, we do not really need to explicitly assume that uN is symmetric because what
is needed in the proof can be inferred from the uniform Lipschitz continuity condition.
Proof: We could repeat mutatis mutandis the proof given in [11, Lemma 1.2]. We only outline the
main steps. For each n ě 1, we define the function Un : PpEq Ñ R by

Unpµq “ inf
XPEn

runpXq ` cρpµnX , µqs , µ P PpEq

We can split the proof into 4 steps:
• First we show that Un is uniformly bounded.
• Next we show that Un extends un in the sense that for any Y P En and n ě 1,

unpY q “ UnpµnY q.

• Then we argue that Un is uniformly c´Lipschitz on PpEq:

|Unpµq ´ Unpνq| ď cρpµ, νq

for all µ, ν P PpEq.
• Finally, using Arzela-Ascoli’s theorem and the compactness of the metric space PpEq, we see

that there exists a subsequence pnkqkě1 for which Unk converges uniformly toward a limit U so
that

lim sup
kÑ8

sup
XPEnk

|unk pXq ´ Upµ
nk
X q| ď lim

kÑ8
sup

µPPpEq
|Unk pµq ´ Upµq| “ 0

This concludes the proof. ˝
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5.3.2 Large Bayesian Games

Recall that the basic building blocks of a Bayesian game are:

• An action space A0.
• The set rN s “ t1, . . . , Nu of players.
• For each i P rN s, the set Ai Ă A0 of feasible actions for player i. We assume that

A0 Ă Rk for some integer k ě 1 and that Ai is closed.
• Θ “ Θ1 ˆ ¨ ¨ ¨ ˆΘN be the space of type profiles, where Θi Ă Θ0.
• The costs functions J “ pJ iqiPrNs, for which J ipθ,αq “ J ipθ1, . . . , θN , α1, . . . , αN q.

We now add a symmetry assumption which will allow us to use Lemma 5.15. To be
specific, we assume that for each i P rN s and αi P Ai and θi P Θi the function:

pθj , αjqj‰i ÞÑ J ipθ,αq

is symmetric and satisfies the assumptions of Lemma 5.15. As a result, if we want to ana-
lyze models of large games we can assume that

J ipθ,αq “ J ip symmetric function of pθj , αjqj‰i, θi, αiq.

for some function J0 : PpΘ0 ˆA0q ˆΘ0 ˆA0 Ñ R.

In this set up, a pure strategy for player i is a measurable function αi : Θi Ñ Ai, while
a mixed strategy is a function πi : Θi Ñ PpAiq. We restrict ourselves to the case when Θi

are compact subset of Θ0 and because of the symmetry assumption we shall also assume
that Θi “ Θ0, Ai “ A0 for al i P rN s.

5.3.3 Cournot Competition

Definition 5.16 Given a probability measure λ P PpΘ0q over types, we define the set Cpλq
of Cournot-Nash equilibria as

Cpλq “
!

µ P PpΘ0 ˆA0q; Π1pµq “ λ and

µ
` 

pθ, αq P Θ0 ˆA0;α P Apθq, J0pµ, θ, αq “ inf
βPApθq

J0pµ, θ, βq
(˘

“ 1
)

where Π1 denotes the first marginal, namely µpB ˆA0q “ λpBq for all B P Bpq.

Remark 5.17 1. In the above definition, we see that the types are revealed first, accord-
ing to the distribution λ, and then players take actions. So λ should be viewed as a
prior distribution of the types.

2. The condition µp¨ ¨ ¨ q “ 1 means that the measure µ is concentrated on the set of
type-action pairs pθ, αq such that for each type θ, the action α is the best response.

3. By disintegration of the measure µ (i.e. using a regular version of the conditional
probability given the first component θ), we have µpdθ, dαq “ λpdθqπθpdαq where
π “ pπθqθPΘ0

is measurable in θ, in other words, is a probability transition kernel
form pΘ0,BpΘ0qq to pA0,BpA0qq.
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4. If there is a unique best response αpθq for each type θ, πθpdαq “ δαpθqpdαq for some
αpθq P A0, then the mapping defined by Θ0 Q θ ÞÑ αpθq P A0 is a pure strategy.

For the next result we shall make the following assumptions.

Assumption 2.

A1. A0 is a compact metric space;
A2. Θ0 is a Polish space (complete separable metric space);
A3. The constraint correspondence A : Θ0 � A0 satisfies

• @θ P Θ0, Apθq is a non-empty closed subset of A0.
• A is continuous, or equivalently,

– the graph grpAq “ tpθ, αq P Θ0 ˆ A0 : α P Apθqu is closed (which implies
that A is upper hemi-continuous since A0 is compact);

– for every sequence pθnqn and θ P Θ0, α P Apθq with θn Ñ θ, there exists a
subsequence pnkqk and αnk P Apθnkq such that αnk Ñ α as k Ñ 8 (A is
lower hemi-continuous).

A4. J0 : PpΘ0 ˆA0q ˆΘ0 ˆA0 Ñ R is continuous and bounded.

The following proposition is borrowed from [23] where the authors also study the corre-
sponding law of large numbers and the central limit theorems appropriate for these models.

Proposition 5.18 (Mas-Colell) Under assumption 2, for each λ P PpΘ0q, the set Cpλq of
Cournot-Nash equilibria is not empty.

Proof: For λ P PpΘ0q. Set

Mpλq “ tµ P PpΘ0 ˆA0q;Π
1
pµq “ λ, µptpθ, αq;α P Apθquq “ 1u.

1. Step 1.Mpλq Ă PpΘ0 ˆA0q is closed.
Indeed, if µn PMpλq is such that µn ñ µ weakly we can show that µ PMpλq. By definition
of weak convergence, for all f : Θ0 ˆ A0 Ñ R continuous,

ş

fdµn Ñ
ş

fdµ. In particular
for fpθ, αq “ fpθq independent of the second variable, we have

ş

fpθqΠ1
pµnqpdθq ÝÝÝÑ

nÑ8
ş

fpθqΠ1
pµqpdθq. So that Π1

pµqpdθq “ λpdθq.
2. Step 2.Mpλq is tight, i.e., for all ε ą 0, there exists a compact Kε Ă Θ0 ˆA0 such that for all
µ PMpλq, µpKεq ě 1 ´ ε. We should notice that Θ0 is not necessarily compact. Since Θ0 is
a Polish space, for ε ą 0 there exists a compact set K̃ε Ă Θ0 such that λpK̃εq ě 1 ´ ε. Since
the first marginal of any µ P Mpλq is equal to λ it is obvious that µpKεq ě 1 ´ ε if we set
Kε “ K̃ε ˆA0 which is obviously compact.

3. Step 3. We define the correspondence Φ :Mpλq�Mpλq by

Φpµq “

"

µ̃ PMpλq;
ż

Θ0ˆA0

Gpµ, θ, αqµ̃pdθ, dαq ď 0

*

where
Gpµ, θ, αq “ J0pµ, θ, αq ´ inf

βPApθq
J0pµ, θ, βq.

Notice that a fixed point for Φ is a Cournot-Nash equilibrium. So our goal is to conclude the
proof using Kakutani’s fixed point theorem (see Theorem 1.29 in Chapter 1), so we proceed
to check the assumptions of this theorem. G is bounded because J0 is bounded. Since J0 is
continuous, the assumptions of Berge’s minimum theorem recalled in Chapter 1 as Theorem
1.30 are satisfied and we learn that G is bounded and continuous.
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• Since the correspondence A is continuous, it is measurable with respect to the Borel
σ´algebras on Θ0 and A0, so that A is also weakly measurable (since both Θ0 and A0

are metrizable, see [1, Lemma 18.2]). Moreover, since J0 is continuous, it is a Carathéodory
function and we can use Theorem 1.32 recalled in the appendix of Chapter 1 to conclude the
existence of α̂ :Mpλq ˆΘ0 Ñ A0 such that

J0pµ, θ, α̂pµ, θqq “ inf
βPApθq

J0pµ, θ, βq.

So if we define the measure µ̃ by

µ̃pdθ, dαq “ λpdθqδα̂pµ,θqpdαq

we immediately see that µ̃ P Φpµq proving that Φpµq is not empty.
• Φpµq is convex, becauseMpλq is convex.
• We now check that the graph of Φ, namely

grpΦq “ tpµ, µ̃q PMpλq ˆMpλq : µ̃ P Φpµqu,

is closed. Remember that we only assume that Θ0 is a Polish space. Let us assume that
pµn, µ̃nqně1 is a sequence with µ̃n P Φpµnq for each n ě 1, and such that there exists
µ, µ̃ PMpλq such that pµn, µ̃nq ñ pµ, µ̃q weakly in PpΘ0 ˆ A0q. We want to show that
pµ, µ̃q P grpΦq to conclude that grpΦq is closed.
To do so, let us pick ε ą 0. Because a convergent sequence of measures is tight, there exists
a compact set Kε Ă Θ0 ˆA0 such that for every n ě 1

µ̃npK
c
ε q ă

ε

4}G}8
.

Since G is continuous, it is uniformly continuous on K ˆKε where K is a compact subset
of PpΘ0 ˆA0q containing tµn, n ě 1u Y tµu Ă K. Then, there exists an nε such that for
all n ě nε and for all pθ, αq P Kε,

|Gpµn, θ, αq ´Gpµ, θ, αq| ď
ε

2

So, for n ě nε,
ż

|Gpµn, θ, αq ´Gpµ, θ, αq| µ̃npdθ, dαq

“

˜

ż

Kcε

`

ż

Kε

¸

|Gpµn, θ, αq ´Gpµ, θ, αq| µ̃npdθ, dαq

ď 2µ̃npK
c
ε q}G}8 `

ε

2

ď ε.

Thus, for n large enough we have:
ż

Gpµ, θ, αqµ̃pdθ, dαq

“

ż

Gpµ, θ, αqrµ̃´ µ̃nspdθ, dαq `

ż

rGpµ, θ, αq ´Gpµn, θ, αqsµ̃npdθ, dαq

`

ż

Gpµn, θ, αqµ̃npdθ, dαq

ď ε` ε` 0

ď 2ε
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because the first integral tends to 0 because G is bounded and continuous and µn conver-
gences weakly towards µ, the second integral is smaller than ε for all n ě nε, and the third
integral is not greater than zeros because pµ, µ̃nq P grpΦq. Since ε ą 0 was arbitraty, this
proves that pµ, µ̃q P grpΦq. Therefore, we can apply Kakutani’s fixed point theorem and
conclude the existence of a Cournot-Nash equilibrium.

This concludes the proof. ˝
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6

Multi-Stage & Dynamic Games

6.1 MULTI-STAGE GAMES

A multi-stage game consists of the following components:

• A sequence p0, . . . ,Kq which represents the stages of the game;
• N players who play repeatedly and take action simultaneously at each stage of the

game;

At each stage, each player is cognizant of the actions of all theN players in all the previous
stages. For each stage k P t0, . . . ,Ku, the action profile at this stage is denoted by:

αk “ pα
1
k, . . . , α

N
k q

where αik is the action chosen by player i at stage k. The available information before this
action is taken at stage k is called the history. It is defined as:

hk “ pα0, . . . ,αk´1q,

for k ě 1, and h0 “ H by convention. At stage k, the feasible set of actions for player i is
denoted by Aiphkq. It depends on the information contained in the history prior to stage k.
For example, the resources that have been used in the past can affect the current actions of
players. So, at stage k, the action chosen by player i can be viewed as a function of history
hk;

We include “no action” as part of Aiphkq for every i “ 1, . . . , N and for every k “
0, . . . ,K. This will gave flexibility to the model, allowing players to be inactive at certain
stages. This will be the case when player i choses “no action”.

Here are some examples for multi-stage games:

1. K “ 0, i.e. with one single stage, so no repetition, the Cournot competition discussed
in Subsection 1.2.2 is an example.

2. K “ 1, i.e. with two stages, our model of repeated games can capture the so-called
Stackelberg game models if we choose N “ 2 to consider only two players. One
player is called the leader, and the other is called the follower. Then
• at stage k “ 0, the leader chooses an action α0 P A

leaderpHq. The follower is
inactive, namely AfollowerpHq “ t“no action”u.
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• at stage k “ 1, the leader is inactive which we force by setting Aleaderph1q “

t“no action”u, and the follower chooses an action αfollower P Afollowerph1q

where h1 “ ppα0, “no action”qq.
3. K “ 2, i.e. with two stages, our formalism can be used to include entry-deterrence

games between two players, an incombent and an entrant.
• at stage k “ 0, the incumbent raises and amount α0 of money, and the entrant is

forced to be inactive;
• at stage k “ 1, the incumbent is inactive (can only choose “no action”), while the

entrant choses between “enter” or “do not enter”;
• at stage k “ 2, if the entrant chose to enter at stage k “ 1, the game is played

between the incumbent and the entrant as a Cournot competition.

Definition 6.1 A pure strategy for player i P t1, . . . , Nu, is a sequence α̂i “ pα̂ikqk“0,¨¨¨ ,K

of actions, one for each stage. A pure strategy profile, denoted by α̂, is a collection of pure
strategies, one for each player:

α̂ “ pα̂iqi“1,...,N “ pα̂
i
kqi“1,...,N, k“0,...,K .

It is said to be an admissible pure strategy profile if α̂ik P A
iphkq for all k “ 0, . . . ,K and

i “ 1, . . . , N .

The set of histories hk is denoted by Hpkq. So HpK ` 1q represents the set of all strategy
profiles throughout the game, namely the set of all the actions taken by all the players
throughout the game.We complete the definition of the repeated game by defining the costs
to the players. At the last stage k “ K, we collect all the histories and we decide of the
rewards or costs to the individual players.

Definition 6.2 To each player i P t1, . . . , Nu, we assign a cost function J i : HpK`1q Ñ
R.

We shall often denote by rN s the set t1, ¨ ¨ ¨ , Nu of the N players. Also, the cost func-
tion J i is often assumed to be distributed and addictive, i.e. of the form

J iphKq “
K
ÿ

k“0

ckf
ipαikq.

The coefficients pckqk“0,...,K are most often used as discount factors. For example, when
they are of the form ck “ cKδ

k for some cK P R and δ P r0, 1s, J iphKq can represent the
present value of the aggregate of the one-stage costs f ipαikq accumulated over the length
of the game. They can also be used to model the patience or the impatience of the players.
For infinitely repeated games, i.e. when K “ 8, we often assume that the functions f i are
uniformly bounded and δ ă 1 to make sure that the (infinite) summation defining J iphKq
makes sense.

Definition 6.3 A pure strategy profile α̂ is said to be a pure strategy Nash equilibrium if for
every player i P t1, . . . , Nu and every strategy (i.e. sequence of actions αi “ pαi0, . . . , α

i
Kq

for player i), such that the strategy profile pαi,α´iq is still admissible, we have:
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J ipα̂q ď J ippαi, α̂´iqq

where as we did up to now, we use the notation pαi, α̂´iq “ pαik, α̂
´i
k qk“0,...,K´1 with

pαik, α̂
´i
k q “ pα̂

1
k, . . . , α̂

i´1
k , αik, α̂

i`1
k , . . . , α̂Nk q is the action profile at stage k.

Remark 6.4 Notice that the admissibility of the strategy profile pαi,α´iq may be quite
difficult to check in some cases. Indeed, having player i change his strategy α̂i may change
all the histories hk which may make the admissibility condition αjk P A

jphkq difficult to
verify.

We now introduce a concept which plays an important role in the analysis of repeated
and dynamic games. We first define the notion of sub-game.

Definition 6.5 For each stage k “ 0, . . . ,K and for each history hk P Hpkq, we define
the game Gphkq as the new game, depending on the history hk “ pα0, . . . ,αk´1q in the
following way:

• The new game has still the same N players;
• The new pure strategy profiles for the game Gphkq are the

αhk “ pα
i
`qi“1,...,N, `“k,k`1,...,K ;

• The new histories hk,` P Hkp`q are given by hk,` “ phk,αk, . . . ,α`´1q for ` “
k, ¨ ¨ ¨ ,K ` 1;

• The new cost functions are the functionsHkpK ` 1q Q hk,K`1 ÞÑ J iphk,K`1q.

We now define the notion of sub-game perfect Nash equilibrium.

Definition 6.6 A strategy profile α̂ is said to be a sub-game perfect Nash equilibrium
if for every stage k P t0, . . . ,Ku and every history hk P Hpkq, the strategy profile
pα̂i`qi“1,...,N, `“k,...,K´1 is a Nash equilibrium for the sub game Gphkq.

In words, at every stage k, whatever the history, if players play according to the strategy
profile pα̂i`qi“1,...,N, `“k,...,K´1 afterwards, then they are in a Nash equilibrium of the new
game.

Remark 6.7 We now introduce the notions of open and closed loop strategies. Let αik be
the action taken by player i at stage k. For the sake of simplicity, we assume that Aiphkq “
R for every hk P Hpkq and every k “ 0, . . . ,K.

• α “ pαikqi,k is said to be an open loop strategy profile if there exists a function ϕi :
t0, . . . ,Ku Ñ R such that αik “ ϕipkq for every k “ 0, . . .K, the functions ϕi being
chosen before the game begins.

• α “ pαikqi,k is said to be a closed loop strategy profile if for each i P rN s and k P
t0, ¨ ¨ ¨ ,Ku, there exists a function ϕik : Hpkq Ñ R such that

αik “ ϕikpα0, ¨ ¨ ¨ ,αk´1q.

We shall revisit these definitions in the case of dynamic stochastic games.
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6.1.1 The One-Stage Prisoner’s Dilemma Game

Assume that there are only two players N “ 2, and that the feasible sets of actions are
A1 “ A2 “ tC,Du for every stage k of the game. Here C stands for cooperation and D
stands for defection.

The costs to the two players are defined in terms of four real numbers T,R, P, S P R
which satisfy T ă R ă P ă S. The costs are labeled after letters which have an intuitive
meaning, so we kept the letters used in the classical literature on game theory: T stands for
temptation, R for reward , P for punishment, and S for sucker.

In the one-stage game, the costs of the two players are given by the following two
functions:

J1pα1, α2q “ 1α1“C

´

R1α2“C ` T1α2“D

¯

` 1α1“D

´

S1α2“C ` P1α2“D

¯

,

and

J2pα1, α2q “ 1α2“C

´

R1α1“C ` T1α1“D

¯

` 1α2“D

´

S1α1“C ` P1α1“D

¯

.

To conform with the standard practice which gives the costs in a matrix format, we restate
the definition of the costs in table 6.4):

P1zP2 C D
C pR,Rq pS, T q

D pT, Sq pP, P q

Table 6.4: Cost functions of the one-stage game for the two players in a matrix form. The entries of
the matrix give the values of the costs pJ1

p¨q, J2
p¨qq representing the costs of player 1 and player

2 in different situation. The column names represent the strategies chosen by player 2 and the row
names are for player 1.

The objective of the players is to minimize their own costs. Notice that the inequalities
T ă R and P ă S imply that defection is a preferable strategy for both players. Still the
unique Nash equilibrium is different.

Proposition 6.8 The strategy pD,Dq is a Nash equilibrium.

Proof: The proof is done by inspection.

1. If players choose the strategy pα1, α2
q “ pD,Dq, then

J1
pD,Dq “ P ă S “ J1

pC,Dq, J2
pD,Dq “ P ă S “ J2

pD,Cq.

Thus, pD,Dq is a Nash equilibrium.
2. If pα1, α2

q “ pD,Cq, then

J1
pD,Cq “ T ă R “ J1

pC,Cq, J2
pD,Cq “ S ą P “ J2

pD,Dq.

Thus, pD,Cq is not a Nash equilibrium.



6.1 Multi-Stage Games 109

3. If pα1, α2
q “ pC,Dq, then

J1
pC,Dq “ S ą P “ J1

pD,Dq, J2
pC,Dq “ T ă R “ J2

pC,Cq.

Thus, pC,Dq is not a Nash equilibrium.
4. If pα1, α2

q “ pC,Cq, then

J1
pC,Cq “ R ą T “ J1

pD,Cq, J2
pC,Cq “ R ą T “ J2

pC,Dq.

Thus, pC,Dq is not a Nash equilibrium,

which completes the proof. ˝

6.1.2 Repeated Games

Let us denote the cost function in the static one-stage game by

J̃ ipαq “ J ipα1, α2q, with α “ pα1, α2q, i “ 1, 2,

Finitely Repeated Games

The cost for a K ` 1-stage game for player i can be expressed by

J ipα0, . . . ,αKq “
1´ δ

1´ δK`1

K
ÿ

j“0

δj J̃ ipαjq

where the constant 0 ď δ ă 1 captures the fact that the players are impatient and want to
weigh the recent results more heavily. The constant in front of the summation sign does
not play any particular role in the search for equilibria. It is there as a normalization factor,
making sure that the sum of the discount factors is 1. The following result, known as the
one stage deviation principle is useful to identify sub-game perfect Nash equilibria.

Proposition 6.9 For finitely repeated games, a pure strategy profile α̂ “ pα̂ikq
i“1,...,N
k“0,...,K is

a sub-game perfect Nash equilibrium if and only if
(*) there is no player i and no strategy β̂ “ pβ̂ikq

i“1,...,N
k“0,...,K that agrees with αi except

for one single stage k0 and such that βi is a better response to α̂´i tahn αi conditional on
the history hk0 .

Proof: The Only if part follows directly from the definition of sub-game perfection. So we only
argue the If part. If α̂ is not a sub-game perfect Nash equilibrium, there exists a stage k, a history hk

a player i and a strategy βi which is a better response to α̂´i than αi for the game startig at stage k
with history hk as conditioning. If we define

k̂ “ maxtk1; Dhk
1

, βiphk
1

q ‰ α̂iphk
1

qu,

then assumption ˚ implies that k̂ ą k. Now, let us consider the strategy α̃i defined by
#

α̃i` “ α̂i` for` ă k̂;

α̃i` “ βi` for` ě k̂.
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Since α̃i agrees with βi from stage k onward, the one stage deviation principle which we assume
implies that α̃i is as good a response as βi in every subgame starting from k̂, so α̃i is as good a
response as βi in the subgame starting at stage k with history hk.

If k̂ “ k ` 1, then α̃i “ α̂i which contradicts the hypothesis that βi improves on α̂i. Now if
k̂ ą k ` 1, we can construct a strategy that agrees with βi until stage k ´ 2 and argues that it is as
good as βi. Repeating the procedure over and over we end up with a contradiction which concludes
the proof. ˝

Remark 6.10 Note that finitely repeated games can have multiple Nash equilibria.

Infinitely Repeated Games

When the one stage game is repeated infinitely many times, i.e. when K “ 8, the cost to
player i can be expressed by

J ipα0, . . . ,αKq “ p1´ δq
8
ÿ

j“0

δj J̃ ipαjq.

These costs can be interpreted in the following way. If we denote by τ a geometric random
variable with parameter 1´ δ P p0, 1s,

Ppτ “ kq “ δkp1´ δq, for k “ 0, 1, . . . ,

then for a sequence of strategy profiles α “ pαkqk“0,1,..., the cost to player i can be
interpreted as the expectation of the cost of the one-stage game at the random stage τ .
Indeed:

ErJ̃ ipατ qs “ p1´ δq
8
ÿ

j“0

δj J̃ ipαjq.

Remark 6.11 A result similar (though under some extra assumption) to the one-stage de-
viation principle stated and proved as Proposition 6.9 above can also be proven for infinite
horizon repeated games. We shall not state it here because of its more technical nature.

6.1.3 The Repeated Prisoner’s Dilemma Game

Proposition 6.12 If the prisoner dilemma game is repeated finitely many times, the strategy
profile ppD,Dq, . . . , pD,Dqq is the unique sub-game perfect Nash equilibrium.

Proof: While we do not give a complete proof of this standard result, we highlight several important
steps.

Step 1: We first check that if we are looking for a sub-game perfect Nash equilibrium, the last
choice should necessarily be pD,Dq whatever the history is.

Step 2: We complete the proof by an induction argument backward in time. The so-called one
stage deviation principle for sub-game perfect Nash equilibria (stated and proved as Proposition 6.9)
provides the induction part of the proof. It imples that when K ă 8, the strategy profile α̂ “

pα̂ikqi“1,2, k“0,...,K´1 where αk “ pα1
k, α

2
kq “ pD,Dq for every k “ 0, 1, . . . ,K ´ 1 is the only

sub-game perfect Nash equilibrium. ˝
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Remark 6.13 The result is different when the number of stages is infinite, i.e. K “ 8.
Indeed, using an appropriate version of the one-stage deviation principle it is possible to
prove that when K “ 8 and δ ą 1

2 the following strategy profile is a sub-game perfect
Nash equilibrium. Each player follows the strategy described below:

1. she starts playing with action C;
2. she keeps on playing with action C until she sees an action D of the other player;
3. she switches to play with action D and keeps on playing with action D afterwards.

So if the game has to be played infinitely many times, then cooperation may be observed
for a long period of time.

6.2 STOCHASTIC GAMES

The concept of a stochastic game can be viewed as a generalization of the one of repeated
game, as well as a generalization of the notion of Markov Decision Processes (MDP for
short) to the case of multiple controllers.

We switch from the terminology of stage to time and accordingly, we use the notation
t instead of k. We consider first the case of discrete time t “ 0, 1, . . . , T , and we focus on
three different settings:

• the finite horizon problem with T ă 8;
• the infinite horizon problem (T “ 8) with a discount factor 0 ď δ ă 1;
• the ergodic problem (T Ñ8).

Typically, a stochastic game consists of the following components:

1. A finite number of players, say N , and we denote by rN s “ t1, . . . , Nu the set of
players.

2. A state space which we take as a measurable space pX,X q. States x P X capture
information from the history and the environment. We also want the set of feasible
actions to depend upon the current state. Also, the costs depend upon the state and the
actions of the players.

3. For every player i P rN s we denote by Aipxq the set of feasible actions for player i
when the state is x P X . We assume that Aipxq is a measurable subset of a measur-
able space pAi,Aiq. In many applications, Ai is supposed to be a compact space for
mathematical convenience.
For every x P X , we denote by Apxq “ A1pxq ˆ . . . ˆ AN pxq be the set of strategy
profiles α “ pα1, . . . , αN q when the state is x P X . We also denote by A “ A1 ˆ

. . .ˆAN . and we equip it with the product σ-field A “ A1 ˆ . . .ˆAN .
4. For every i P rN s, the running cost function for player i in state x P X and for a

strategy profile α P Apxq is given by a function

f i : X ˆA Q px, α1, . . . , αN q ÞÑ f ipx,αq P R

In most cases, we shall assume that f i is bounded for every i P rN s.
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For finite horizon problems, we can also define a terminal cost function for player i,
denoted by gi : X Ñ R for example. And again for the sake of convenience, we shall
also assume that gi is bounded for every i P rN s.

5. The time evolution of the state given by a process of random variables pxtqtě0, x0

having a prescribed distribution, say µ0 P PpX,X q, and for every t ě 0, xt`1 stands
for the new state. It has a distribution depending only on xt and the actions αt “
pα1
t , . . . , α

N
t q P Apxtq taken by all the players at time t. The stochastic mechanism

driving the evolution of the state is given by a transition probability function P : X ˆ

A1 ˆ . . .ˆAn Ñ PpXq:

P px,α, dx1q “ P px, α1, . . . , αN , dx1q :“ Prdx1|x, α1, . . . , αN s

giving the probability that the next state is in dx1 conditioned by the fact that the current
state is x and the players chose the actions α.

We need to define precisely at each time, the kind of information each player can access
to take action. This should make clear what α depends upon, and help us decide whether
or not the process pxtqtě0 is Markovian. But first, we adapt the notion of history to the
present set-up.

Definition 6.14 We define the set of histories up to time t, denoted byHt, as the collection
of state action profiles up to time t. More precisely,

Ht “ tpx0,α0, x1,α1, . . . ,αt´1, xtqu

where xs P X for s P 0, 1, . . . , t and αs P Apxsq for s “ 1, . . . , t´ 1.

We can now define the types of strategies used by the players in a stochastic game.

Definition 6.15 A pure strategy for player i P rN s is a function πi : N ˆH8 Ñ Ai such
that:

1. πi is non-anticipative in the sense that πipt, hq depends only on ht “ px0,α0, x1,α1, . . . ,αt´1, xtq
for every pt, hq P NˆH8.

2. πipt, hq P Aipxtq.

A mixed strategy for player i is a function πi : NˆH8 Ñ PpAiq such that:

1. πi is non-anticipative;
2. πipt, hq with ht “ px0,α0, x1, . . . ,αt´1, xtq is concentrated on Aipxtq in the sense

that
πipt, hqpAipxtqq “ 1.

A pure stationary strategy for player i is a function πi : X Ñ Ai such that πipxq P Aipxq
for all x P X . Similarly, a mixed stationary strategy is a function πi : X Ñ PpAiq such
that for every x P X , πipxqrAipxqs “ 1.

The above is a pileup of notations and definitions. Next we show that they are not
unreasonable in the sense that mathematical objects satisfying all these requirements do
exist.
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6.2.1 Set-up for Pure Strategies

Given a pure strategy profile π “ pπtqtě0 as defined above, where πt “ pπ1
t , . . . π

N
t q and

πit :“ πipt, ¨q for every i P rN s and t ě 0, we would like to know if there exists a stochastic
process pxtqtě0 such that for every t ě 0, we have:

xt`1 „ P pxt,αtq

where P : X ˆ A1 ˆ . . .ˆ An Ñ PpXq is the prescribed transition probability function.
and αt “ pα1

t , . . . , α
n
t q with αit “ πitph

tq for every i P rN s and t ě 0.
One way to do just that would be, given π “ pπtqtě0 and P : X ˆ A Ñ PpXq,

to construct a probability distribution denoted by P for example, on the product space XN

equipped with its product σ-filedXN, in such a way that the coordinate process pxtqtě0 sat-
isfies the desired properties. In particular, it should be such that for every t ě 0, conditioned
on pxt, πtphtqq, the marginal distribution of xt`1 is given by the probability distribution
P pxt, πtph

tqqp¨q, namely

Pr¨ |xt, πtphtqs “ P pxt, πtph
tqqp¨q P PpXq.

To achieve this, we start with an initial distribution µ0 P PpXq (for example µ0 “ δx0 ).

• For t “ 0, we have x0 „ µ0 and we denote it by Px0 .
• For t “ 1, we define a distribution Ppx0,x1q P PpX ˆXq by:

Ppx0,x1qpdx0, dx1q “ µ0pdx0qP px0, π0px0qqpdx1q.

This means that, for every measurable sets B0, B1 P X , we have

Ppx0,x1qpB0 ˆB1q “

ż

B0

µ0pdx0q

ż

B1

P px0, π0px0qqpdx1q.

• For t “ 2, we define the distribution Ppx0,x1,x2q P PpX ˆX ˆXq by:

Ppx0,x1,x2qpdx0, dx1, dx2q “ µ0pdx0qP px0, π0px0qqpdx1qP px1, π1px0, π0px0q, x1qqpdx2q.

• For t “ 3, we define a distribution Ppx0,x1,x2,x3q P PpX ˆX ˆX ˆXq by:

Ppx0,x1,x2,x3qpdx0, dx1, dx2, dx3q “ Ppx0,x1,x2qpdx0, dx1, dx2q ¨ P px2, π2ph
2qqpdx3q

where h2 “ px0, π0px0q, x1, π1px0, π0px0q, x1q, x2q.
• and so on, and so on, for t ě 4.

We can check that the collection of probability distributions so constructed is consistent.
Hence, we can apply Kolmogorov’s extension theorem and conclude that there exists a
probability measure P on the product space XN equipped with its product σ-field XN such
that the coordinate process pxtqtě0 has the desired properties.

Remark 6.16 If the pure strategy profile π is stationary in the sense that for every t ě 0 it
is such that

πtph
tq “ πtpxtq “ pπ

1
t pxtq, . . . , π

N
t pxtqq,

then π1px0, π0px0q, x1q “ π1px1q and π2ph
2q “ π2px2q, etc, and the state process pxtqtě0

is Markovian.
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6.2.2 Set-up for Mixed Strategies

We address the existence of the state process similarly. For any mixed strategy profile
π “ pπtqtě0 where πitp¨q “ πipt, ¨q : Ht Ñ PpAiq for every i P rN s and t ě 0, we
can construct a probability distribution P on the product space pX ˆ AqN such that the
coordinate process pxt,αtqtě0 has the properties required to describe the time evolution of
the state and the decisions of the players.

1. For t “ 0, we start from an initial distribution µ0 P PpXq such that x0 „ µ0 and we
define a distribution in PpX ˆAq by:

µ0pdx0qπ0px0qpdα0q,

where π0pxqpdαq “
n
ź

j“1

πj0pxqpdα
jq for every x P X . Notice the product nature of

this last measure. This is required by the fact that in models with mixed strategies, the
players randomized their actions independently of each other.

2. For t “ 1, we define a probability distribution in PpX ˆAˆXq by:

µ0pdx0qπ0px0qpdα0qP px0,α0qpdx1q

And we also define a probability distribution in PpX ˆAˆX ˆAq by:

µ0pdx0qπ0px0qpdα0qP px0,α0qpdx1qπ1px0, α0, x1q.

3. For t “ 2, we define a probability distribution in PpX ˆAˆX ˆAˆXq by:

µ0pdx0qπ0px0qpdα0qP px0,α0qpdx1qπ1px0,α0, x1qpdα1qP px1,α1qpdx2q

etc, and as before, we use Kolmogorov’s extension theorem to conclude the existence
of the desired probability measure P.

Remark 6.17 In some applications, the state space naturally appears as a product X “

X1 ˆ . . . ˆ XN , so that the states are of the form x “ px1, . . . , xN q. In this case, the
component xi can be interpreted as the private state of player i.

6.2.3 The Cost Functions

Whether the model requires the use of pure strategies or mixed strategies, the cost functions
are defined as follows.

Definition 6.18 • Finite horizon (T ă 8): For every i P rN s, the finite horizon cost
function for player i is given by a function J i depending on the initial distribution
µ0 P PpXq and a strategy profile π “ pπ1, . . . , πN q with πi : NˆHT Ñ Ai such that

J ipµ0, πq “ E

«

T´1
ÿ

t“0

f ipxt,αtq ` g
ipxT q

ff

where the process pxt,αtqtě0 is the process whose existence was argued earlier. Here,
gi : X Ñ R is a bounded function giving the terminal cost for player i.



• Infinite horizon (T “ 8) with discount (δ P r0, 1q): For every i P rN s, the infinite
horizon discounted cost function for player i associated to an initial distribution µ0

and a strategy profile π “ pπ1, . . . , πnq is defined by

J ipµ0, πq “ p1´ δqE

«

8
ÿ

t“0

δtf ipxt,αtq

ff

.

• Ergodic: For every i P rN s, the ergodic cost function for player i associated to an
initial distribution µ0 and a stationary strategy profile π “ pπ1, . . . , πN q with πi :
X Ñ Ai (or a mixed stationary strategy profile π with πi : X Ñ PpAiq ) is defined by

J ipµ0, πq “ lim inf
TÑ8

1

T
E

«

T´1
ÿ

t“0

f ipxt,αtq

ff

for the process pxt,αtqtě0 constructed earlier.

Remark 6.19 1. In the infinite horizon discounted case, the boundedness of the function
f i guarantees the convergence of the infinite series and the finiteness of the expectation
as well.

2. In the ergodic setting, we wish that the cost could be defined as:

lim
TÑ8

1

T

T´1
ÿ

t“0

f ipxt,αtq

but there is no guarantee that this limit exists, and even if it did, it could very well be
random. So we not only take the expectation to remove the randomness in the cost, but
we also use lim inf to be sure that the cost is well defined.
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7

Stochastic Differential Equations

The purpose of this chapter is to introduce enough of the classical theory of Wasser-
stein space and stochastic differential equations to prepare for the analysis of anonymous
stochastic differential games with mean field interactions.

7.1 NOTATION AND FIRST DEFINITIONS

We assume that pΩ,F ,F,Pq is a stochastic basis where the filtration F “ pFtq0ďtďT sup-
ports an m-dimensional F-Brownian motion W “ pWtq0ďtďT in Rm. For each integer
k ě 1, we denote by H0,k the collection of all Rk-valued progressively measurable pro-
cesses on r0, T s ˆ R, and we introduce the subspaces:

H2,k :“
!

Z P H0,k; E
ż T

0

|Zs|
2ds ă 8

)

and using the square root of the expectation appearing in the above definition as a norm,
the space H2,k : becomes a Hilbert space, the inner product being obtained from this norm
by polarization. We shalll also use the following space

S2 :“
!

Y P H0,k; E sup
0ďtďT

|Ys|
2 ă 8

)

.

Equipped with the norm given by the square root of the expectation appearing in its defini-
tion, and by the scalar product obtained by thepolarization identity, the space H2,k becomes
a separable Hilbert space. Similarly, S becomes a Banach space when equipped with the
norm given by the square root of the expectation appearing in its definition. We may also
use the notation Bk for the subspace of bounded processes, namely:

Bk :“
!

Z P H0,k; , sup
0ďtďT

|Zt| ă 8, P´ a.s.
)

.

In the case of scalar processes, when k “ 1, we skip the exponent k from our notation. We
are interested in stochastic differential equations (SDEs) of the form

dXt “ bpt,Xtqdt` σpt,XtqdWt (7.1)

where the coefficients b and σ

pb, σq : r0, T s ˆΩ ˆ Rd Ñ Rd ˆ Rdˆm

satisfy the following assumptions.
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(A1) For each x P Rd, the processes pbpt, xqq0ďtďT and pσpt, xqq0ďtďT are in H2,d and
H2,dm respectively;

(A2) Dc ą 0, @t P r0, T s, @ω P Ω, @x, x1 P Rd,

|pb, σqpt, ω, xq ´ pb, σqpt, ω, x1q| ď c|x´ x1|.

As most probabilists do, we shall refrain from making the dependence upon ω P Ω explicit
whenever possible.

Definition 7.1 We say that an F-progressively measurable process X “ pXtq0ďtďT is a
strong solution of the SDE (7.1) if

•
şT

0
p|bpt,Xtq| ` |σpt,Xtq|

2qdt ă 8 P-almost surely,
• Xt “ X0 `

şt

0
bps,Xsqds`

şT

0
σps,XsqdWs, 0 ď t ď T .

7.2 EXISTENCE AND UNIQUENESS OF STRONG SOLUTIONS: THE
LIPSCHITZ CASE

Theorem 7.2 Let us assume that X0 P L
2 is independent of W and that the coefficients

b and σ satisfy the assumptions (A1) and (A2) above. Then, there exists a unique solution
of equation (7.9) in H2,d, and for some c ą 0 depending only upon T and the Lipschitz
constant of b and σ, this solution satisfies

E sup
0ďtďT

|Xt|
2 ď cp1` E|X0|

2qecT . (7.2)

Here and in the following, we use the letter c for a generic constant which can change from
line to line.
Proof: For each X P H2,d the space of square integrable progressively measurable processes, we
define the process UpXq by:

UpXqt “ X0 `

ż t

0

bps,Xsqds`

ż t

0

σps,XsqdWs. (7.3)

First we prove that UpXq P H2,d, and then, since X is a solution of the SDE (7.1) if and only if
UpXq “ X, we prove that U is a strict contraction in the Hilbert space H2,d. By definition of the
norm of H2,d we have

}UpXq}2 ď piq ` piiq ` piiiq

with
piq “ 3TE|X0|

2
ă 8,

and piiq and piiiq defined below. Using the fact

|bpt, xq|2 ď cp1` |bpt, 0q|2 ` |x|2q

implied by our Lipschitz assumption, we have:
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piiq “ 3E
ż T

0

ˇ

ˇ

ˇ

ˇ

ż t

0

bps,Xsqds

ˇ

ˇ

ˇ

ˇ

2

dt

ď 3E
ż T

0

t

ˆ
ż t

0

|bps,Xsq|
2ds

˙

dt

ď 3cE
ż T

0

t

ˆ
ż t

0

p1` |bps, 0q|2 ` |Xs|
2
qds

˙

dt

ď 3cT 2

ˆ

1` }bp ¨ , 0q}2 ` E
ż T

0

|Xt|
2

˙

ă 8

if we use assumption (A1) which says that the norm of pbpt, xqq0ďtďT in H2,d is finite and the
assumption thatX “ pXtq0ďtďT is in H2,d. Finally, in order to estimate

piiiq “ 3E
ż T

0

ˇ

ˇ

ˇ

ˇ

ż t

0

σps,XsqdWs

ˇ

ˇ

ˇ

ˇ

2

dt

we use Doob’s maximal inequality (or its generalization in the form of the Burkhölder-Davis-Gundy
(BDG) inequality which we recall below) together with the fact that

|σpt, xq|2 ď cp1` |σpt, 0q|2 ` |x|2q

implied by our Lipschitz assumption on σ. Doing so, we have:

piiiq ď 3TE sup
0ďtďT

ˇ

ˇ

ˇ

ˇ

ż t

0

σps,XsqdWs|
2

ˇ

ˇ

ˇ

ˇ

dt

ď 12TE
ż T

0

|σps,Xsq|
2ds

ď 12TcE
ż T

0

p1` |σps, 0q|2 ` |Xs|
2
qds

ă 8

for the same reasons as above. Again, remember that the value of the generic constant c can change
from line to line. Now that we know that U maps H2,d into itself, we prove that it is a strict con-
traction. In order to do so, we find convenient to change the norm of the Hilbert space H2,d to an
equivalent norm. For each α ą 0 we define a norm on the space H2,d by:

}ξ}2α “ E
ż T

0

e´αt|ξt|
2dt.

The norm } ¨ }α and the original norm } ¨ } (which correspond to α “ 0) are equivalent and define
the same topology. If X and Y are generic elements of H2,d with X0 “ Y0, we have

E|UpXqt ´ UpY qt|2

ď 2E
ˇ

ˇ

ˇ

ˇ

ż t

0

rbps,Xsq ´ bps, Ysqsds

ˇ

ˇ

ˇ

ˇ

2

` 2E
ˇ

ˇ

ˇ

ˇ

ż t

0

rσps,Xsq ´ σps, YsqsdWs

ˇ

ˇ

ˇ

ˇ

2

ď 2tE
ż t

0

|bps,Xsq ´ bps, Ysq|
2ds` 8E

ż t

0

|σps,Xsq ´ σps, Ysq|
2ds

ď ct

ż t

0

E|Xs ´ Ys|2ds
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if we use the Lipschitz property of the coefficients. Consequently:

}UpXq ´ UpYq}2α “

ż T

0

e´αtE|UpXqt ´ UpYqt|2dt

ď cT

ż T

0

e´αt
ż t

0

E|Xs ´ Ys|2ds dt

ď cT

ż T

0

E|Xs ´ Ys|2ds
ż T

t

e´αtdt

ď
cT

α
}X´Y}2α,

and U is indeed a strict contraction if α ą cT is large enough! Finally, we prove the estimate (7.2)
for the solution. For t P r0, T s fixed we have:

E sup
0ďsďt

|Xs|
2
“ E sup

0ďsďt

ˇ

ˇ

ˇ

ˇ

X0 `

ż s

0

bpr,Xrqdr `

ż s

0

σpr,XrqdWr

ˇ

ˇ

ˇ

ˇ

2

ď 3

ˆ

E|X0|
2
` tE

ż t

0

|bps,Xsq|
2ds` 4E

ż t

0

|σps,Xsq|
2ds

˙

ď c

ˆ

1` E|X0|
2
`

ż t

0

E sup
0ďrďs

|Xr|
2dr

˙

where the constant c depends only upon T , }bp ¨ , 0q}2 and }σp ¨ , 0q}2, and finally we conclude using
Gronwall inequality. ˝

For the sake of completeness we state the version of Gronwall and BDG inequalities
which we use throughout.

Remark 7.3 Gronwall’s inequality. Since we will use Gronwall’s inequality repeatedly in
the sequel, we state it for later reference:

ϕptq ď α`

ż t

0

βpsqϕpsqds ùñ ϕptq ď αe
şt
0
βpsqds. (7.4)

Remark 7.4 BDG inequality. For each p P p0,8q there exist (universal) constants cp and
Cp such that, for each continuous time martingaleM “ pMtq0ďtďT such that M0 “ 0 we
have

cpErăM ą
p{2
T s ď Er sup

0ďtďT
|Mt|

ps ď CpErăM ą
p{2
T s. (7.5)

We shall use this inequality when Mt “
şt

0
ξsdWs for a adapted square integrable inte-

grand, in which case ăM ąT“
şT

0
|ξt|

2dt.

7.3 SPACES OF PROBABILITY MEASURES

Our goal is to study stochastic differential equations with coefficients which can depend
upon probability measures, and in particular, the marginal distributions of the solutions.
As we show later on, this type of nonlinearity occurs in the asymptotic regime of large
stochastic systems with mean field interactions.
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7.3.1 Notation

For any given measurable space pE, Eq, we denote by PpEq the set of probability measures
on pE, Eq. In the sequel, we shall most often assume that E is a complete separable metric
space, e.g. E “ Rd or a separable Banach space with norm } ¨ }. In such a case, the
σ fiedl E is taken to be the Borel σ-field of E. For p ě 1, we denote by PppEq the set
of probability measures with finite second order moment (i.e. the set of those µ P PpEq
for which

ş

E
dpx, x0q

pµpdxq ă 8) for some (or equivalently any) x0 P E. Obviously,
we use the notation d for the distance of the metric space E. For µ and ν in PppEq, the
p-Wasserstein distance between µ and ν is defined by the formula

W ppqpµ, νq “ inf

#

„
ż

dpx, yqpπpdx, dyq

1{p

; π P PpE ˆ Eq with marginals µ and ν

+

.

(7.6)
Any probability measure π P PpE ˆ Eq with marginals µ and ν is called a coupling of µ
and ν. When E is a complete separable metric space (one often says E is a Polish space)
the space PpEq is typically equipped with the topology of the weak convergence for which
PpEq is also a Polish space. This topology is in fact the topology of the convergence in the
sense of the modified Wasserstein distance W p0q on PpEq defined as

W p0qpµ, νq “ inf

"
ż

1^ dpx, yq πpdx, dyq; π P PpE ˆ Eq with marginals µ and ν
*

.

(7.7)
Notice that the distance 1^ dpx, yq is bounded and cannot feel if the probability measures
have finite moments. In fact, the convergence in the sense of the p-Wasserstein distances
W ppq is equivalent to the weak convergence of measures together with the convergence of
all moments of order up to p.

In what follows, we shall almost exclusively use the distance W p2q which we call the
Wasserstein distance on the space P2pEq which we call the Wasserstein space.

In order to formulate the results of this part of the chapter we need to give a mean-
ing to the continuity and Lipschitz property of functions of probability measures on the
space E “ Cpr0, T s;Rdq of Rd-valued bounded continuous functions on r0, T s equipped
with the norm of the uniform convergence. A notion of distance on the space of such mea-
sures is all we need for now. For the sake of definiteness, we rewrite the definitions of the
Wasserstein distances W p0q and W p2q in the particular case of the complete metric space
E “ Cpr0, T s;Rdq.

W p0qpm1,m2q “ inf

"
ż

sup
0ďtďT

1^ |Xtpw1q ´Xtpw2q| mpdw1, dw2q;

m P PpCpr0, T s;Rdq ˆ Cpr0, T s;Rdqq, with marginals m1 and m2

(

where pXtq0ďtďT is the canonical process w ãÑ Xtpwq “ wptq on PpCpr0, T s;Rdqq.
W p0q is a distance on PpCpr0, T s;Rdqq which defines a notion of convergence equivalent
to the weak convergence of probability measures. SoPpCpr0, T s;Rdqq is a complete metric
space for W p0q. Similarly, we define P2pCpr0, T s;Rdq as the subset of PpCpr0, T s;Rdq of
the measures m with a finite moment of order 2, namely satisfying
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ż

sup
0ďtďT

|Xtpwq|
2mpdwq ă 8.

The corresponding Wasserstein distance W p2q can be defined as:

W p2qpm1,m2q “ inf

#

„
ż

sup
0ďtďT

|Xtpw1q ´Xtpw2q|
2 mpdw1, dw2q

1{2

;

m P P2pCpr0, T s;Rdq ˆ Cpr0, T s;Rdqq, with marginals m1 and m2

(

and for later convenience we introduce the notation

W
p2q
t pm1,m2q “ inf

#

ˆ
ż

sup
0ďsďt

|Xspw1q ´Xspw2q|
2 mpdw1, dw2q

˙1{2

;

m P P2pCpr0, T s;Rdq ˆ Cpr0, T s;Rdqq, with marginals m1 and m2

(

,

so that W p2qpm1,m2q “W
p2q
T pm1,m2q.

7.3.2 Example: Stochastic System with Mean Field Interactions

Let us consider the system of N stochastic differential equations with mean field interac-
tions:

dXi
t “ bi

´

t,Xi
t ,

1

N

N
ÿ

j“1

δXjt

¯

dt` σi
´

t,Xi
t ,

1

N

N
ÿ

j“1

δXjt

¯

dW i
t , i “ 1, ¨ ¨ ¨ , N (7.8)

where theW i
“ pW i

t q0ďtďT are independent Wiener processes for i “ 1, ¨ ¨ ¨ , N , and the
pbi, σiq : r0, T sˆΩˆRdˆP2pRdq ÞÑ RdˆRdˆd satisfy assumption (A1) of the previous
section and are uniformly Lipschitz in the sense that:

}bipt, x, µq ´ bipt, x1, µ1q}2Rd ` }σ
ipt, x, µq ´ σipt, x1, µ1q}2Rdˆd

ď

´

}x´ x1}2Rd `W
p2qpµ, µ1q2

¯

, i “ 1, ¨ ¨ ¨ , N,

for a constant c ą 0 independent of t P r0, T s and ω P Ω. In order to apply the existence
and uniqueness result proven earlier, we recast the system as an SDE in RNd by setting

Xt “

»

—

–

X1
t

...
XN
t

fi

ffi

fl

, Bpt,xq “

»

—

—

—

–

b1
´

t, x1, 1
N

řN
j“1 δxj

¯

...

bN
´

t, xN , 1
N

řN
j“1 δxj

¯

fi

ffi

ffi

ffi

fl

, W t “

»

—

–

W 1
t

...
WN
t

fi

ffi

fl

,

andΣpt,xq equal to the pNdqˆpNdq block diagonal matrix with i-th diagonal block given
by σi

´

t,Xi
t ,

1
N

řN
j“1 δXjt

¯

. Since the system (7.8) can be rewritten as the SDE

dXt “ Bpt,Xtqdt`Σpt,XtqdW t,
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in order to prove existence and uniqueness of a strong solution we only need to prove the
Lipschitz condition (A2). The latter is an immediate consequence of the Lipschitz assump-
tion on the coefficients bi and σi and the fact that by definition

W p2q
´ 1

N

N
ÿ

j“1

δxj ,
1

N

N
ÿ

j“1

δx1j
¯2

ď
1

N

N
ÿ

j“1

}xj ´ x1j}2

as shown by using the coupling π “ 1
N

řN
j“1 δpxj ,x1jq.

7.4 SDES OF MCKEAN-VLASOV TYPE

We now introduce the assumptions on the coefficients of the non-linear stochastic differ-
ential equations which we study in this chapter. As in the classical case studied earlier, we
assume that pΩ,F ,F,Pq is a stochastic basis where the filtration F “ pFtq0ďtďT supports
a F-Brownian motion W “ pWtq0ďtďT in Rd. We are interested in stochastic differential
equations of the form

dXt “ bpt,Xt,LpXtqqdt` σpt,Xt,LpXtqqdWt (7.9)

where the coefficients b and σ

pb, σq : r0, T s ˆΩ ˆ Rd ˆ PpRdq Ñ Rd ˆ Rdˆm

satisfy the following assumptions.

(A1) For each x P Rd and µ P PpRdq, the processes pbpt, x, µqq0ďtďT and pσpt, x, µqq0ďtďT
are in H2,d and H2,dm respectively;

(A2) Dc ą 0, @t P r0, T s, @ω P Ω, @x, x1 P Rd, @µ, µ1 P P2pRdq,

|pb, σqpt, ω, x, µq ´ pb, σqpt, ω, x1, µ1q| ď cp|x´ x1| `W p2qpµ, µ1qq

Here and in the following, we use the notation PX or LpXq for the distribution or law of
the random element X .

7.4.1 Examples of Mean Field Interactions

In practical applications, interactions through the marginal distribution of the process as is
the case of the SDE of McKean-Vlasov type (7.9) come in various forms of complexity.

In the simplest case, which we shall call mean field interaction of scalar type, the
dependence upon the distribution degenerates into a dependence upon some moments of
this distribution. To be more specific, in the case of interactions of scalar type we have

bpt, ω, x, µq “ b̃pt, ω, x, xϕ, µyq (7.10)

for some scalar function ϕ defined on Rd and some function b̃ defined on r0, T s ˆ Ω ˆ
Rd ˆ R. As before, we use the angular bracket notation
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xϕ, µy “

ż

ϕpx1qdµpx1q

for the integral of a function with respect to a measure.

Remark 7.5 It is clear that scalar interactions can include functions of several, say n,
moments of the measure. Still using the same notation and framework, it amounts to con-
sidering vector functions ϕ taking values in a Euclidean space Rn and having the function
b̃ be defined on r0, T s ˆΩ ˆ Rd ˆ Rn.

We shall also encounter applications in which the dependence upon the distribution is
given by means of an auxiliary function b̃ defined on r0, T sˆΩˆRdˆRd, the interaction
taking the form:

bpt, ω, x, µq “

ż

Rd
b̃pt, ω, x, x1qµpdx1q. (7.11)

This type of mean field interaction will be called interaction of order 1. It is linear in µ.
Similarly, one could define mean field interactions of higher orders. For example, a mean
field interaction of order 2 (which is quadratic in µ) should be of the form

bpt, ω, x, µq “

ż ż

RdˆRd
b̃pt, ω, x, x1, x2qµpdx1qµpdx2q. (7.12)

7.4.2 Existence and Uniqueness of Solutions: the Lipschitz Case

Theorem 7.6 Let us assume that X0 P L
2 is independent of W, and that the coefficients

b and σ satisfy the assumptions (A1) and (A2) stated above. Then, there exists a unique
solution to the equation (7.9) in H2,d, and for some c ą 0 depending only upon T and the
Lipschitz constant of b and σ, this solution satisfies

E sup
0ďtďT

|Xt|
2 ď cp1` E|X0|

2qecT . (7.13)

Proof: Letm P P2pCpr0, T s;Rdqq be temporarily fixed, and let us denote bymt its time marginals,
i.e. the push-forward image of the measure m by Xt viewed as a map from Cpr0, T s;Rdq into Rd.
By Lebesgue’s dominated convergence theorem, the inequality

W p2q
pms,mtq

2
ď

ż

|Xspωq ´Xtpωq|
2 mpdωq

implies that the map r0, T s Q t ãÑ mt P P2pRdq is continuous for the Wasserstein distance W p2q.
Hence, substituting momentarilymt for LpXtq for all t P r0, T s in (7.9), sinceX0 is given, Theorem
7.2 gives existence and uniqueness of a strong solution of the classical stochastic differential equation

dXt “ bpt,Xt,mtqdt` σpt,Xt,mtqdWt (7.14)

with random coefficients, and we denote its solution by Xm
“ pXm

t q0ďtďT . We first notice that,
because of the upper bound proven in Theorem 7.2, the law of Xm is of order 2. We then define the
mapping Φ : P2pCpr0, T s;Rdqq Q m ãÑ Φpmq “ LpXm

q “ PXm P P2pCpr0, T s;Rdqq. Since a
process X “ pXtq0ďtďT satisfying E sup0ďtďT |Xt|

2
ă 8 is a solution of (7.9) if and only if its

law is a fixed point of Φ, we prove the existence and uniqueness result of the theorem by proving that
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the mapping Φ has a unique fixed point. Let us choose m and m1 in P2pCpr0, T s;Rdqq. Then since
Xm and Xm1 have the same initial conditions, for each t P r0, T s, using Doob’s maximal inequality
and the Lipschitz assumption we have:

E sup
0ďsďt

|Xm
s ´X

m1

s |
2
ď 2E sup

0ďsďt

ˇ

ˇ

ˇ

ˇ

ż s

0

rbpr,Xm
r ,mrq ´ bpr,X

m1

r ,m1rqsdr

ˇ

ˇ

ˇ

ˇ

2

` E sup
0ďsďt

ˇ

ˇ

ˇ

ˇ

ż s

0

rσpr,Xm
r ,mrq ´ σpr,X

m1

r ,m1rqsdWr

ˇ

ˇ

ˇ

ˇ

2

ď cT

ˆ
ż t

0

E sup
0ďrďs

|Xm
r ´X

m1

r |
2ds`

ż t

0

W p2q
pms,m

1
sqds

`E
ż t

0

|σpr,Xm
r ,mrq ´ σpr,X

m1

r ,m1rq|
2dr

˙

ď cT

ˆ
ż t

0

E sup
0ďrďs

|Xm
r ´X

m1

r |
2ds`

ż t

0

W p2q
pms,m

1
sqds

˙

.

As usual, and except for the dependence upon T which we keep track of, we use the same notation
even though the value of the constant c can change from line to line. Using Gronwall’s inequality one
concludes that

E sup
0ďsďt

|Xm
s ´X

m1

s |
2
ď cpT q

ż t

0

W p2q
pms,m

1
sq

2 ds. (7.15)

with cpT q “ cTecT . Notice that

W
p2q
t pΦpmq, Φpm1qq ď E sup

0ďsďt
|Xm

s ´X
m1

s |
2

because the joint law LpXm,Xm1
q of Xm and Xm1 is obviously a coupling of φpmq and φpm1q.

Moreover, since W p2q
pms,m

1
sq ďW

p2q
s pm,m1q so that (7.15) implies

W
p2q
t pΦpmq, Φpm1qq ď cpT q

ż t

0

W p2q
s pm,m1q2 ds.

Iterating this inequality and denoting by Φk the k-th composition of the mapping Φ with itself we get
that for any integer k ą 1

W
p2q
T pΦkpmq, Φkpm1qq ď cpT q

ż T

0

W
p2q
tk
pΦk´1

pmq, Φk´1
pm1qq2 dtk

ď cpT q

ż T

0

ż tk

0

W
p2q
tk´1

pΦk´2
pmq, Φk´2

pm1qq2 dtk´1dtk

ď ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

ď cpT q

ż T

0

ż tk

0

¨ ¨ ¨

ż t2

0

W
p2q
t1
pm,m1q2 dt1 ¨ ¨ ¨ dtk´1dtk

“ cpT qk
ż T

0

pT ´ sqk´1

pk ´ 1q!
W p2q
s pm,m1q2 ds

ď
ckT k

k!
W
p2q
T pm,m1q2,

which shows that for k large enough, Φk is a strict contraction and hence, Φ admits a unique fixed
point. ˝
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Remark 7.7 Let us fix ϕ P C2
b pRdq and let us apply Itô’s formula to ϕpXtq. We get

ϕpXtq “ ϕpX0q `

ż t

0

r
1

2
tracerσps,Xs,LpXsqq

:σps,Xs,LpXsqqD
2ϕpXsqs

` bps,Xs,LpXsqqDϕpXsqds`

ż t

0

DϕpXsqσps,Xs,LpXsqq dWs.

Taking expectations of both sides and using the notation µt “ LpXtq we get:

xϕ, µty “ xϕ, µ0y `

ż t

0

r
1

2
xtracerσps, ¨ , µsq:σps, ¨ , µsqD2ϕp ¨ qs, µsy ` xbps, ¨ , µsqDϕp ¨ q, µsysds

and after integration by parts

xϕ, µty “ xϕ, µ0y `

ż t

0

x
1

2
tracerσps, ¨ , µsq:σps, ¨ , µsqD2µs ´ divpbps, ¨ , µsqµs, ϕyds

or in differential form
Btµt “ Lpµtqµt

where for each t P r0, T s and µ P PpRdq, the second order partial differential operator
Ltpµq is defined by:

Ltpµqf “
1

2
tracerσpt, ¨ , µq:σpt, ¨ , µqD2f ´ divrbpt, ¨ , µqf s.

This is a form of (non-linear) Kolmogorov’s equation for µ “ pµtq0ďtďT .

7.4.3 Particle Approximations and Propagation of Chaos

Our next step is to study pathwise particle approximations of the solution of the McKean-
Vlasov SDE (7.9). In particular, this will provide a proof of the original propagation of
chaos result which was stated in terms of convergence of laws instead of a pathwise behav-
ior. Let ppXi

0,W
iqqiě1 be a sequence of independent copies of pX0,Wq. For each i ě 1,

we let Xi “ pXi
tq0ďtďT denote the solution of (7.9) constructed in Theorem 7.6 starting

from Xi
0 and driven by the Wiener process Wi. It satisfies:

Xi
t “ Xi

0 `

ż t

0

bps,Xi
s,LpXi

sqqds`

ż t

0

σps,Xi
s,LpXi

sqqdW
i
s . (7.16)

Notice that the probability measures LpXi
sq do not depend upon i. Clearly, all the processes

Xi are independent by construction. We show that they can be approximated by finite
systems of classical Itô processes (which we often call particles) depending upon each other
through specific interactions. For each integer N ě 1, we consider the particle processes
Xi,N for i “ 1, ¨ ¨ ¨ , N solving the system of standard SDEs:

Xi,N
t “ Xi

0`

ż t

0

b
`

s,Xi,N
s ,

1

N

N
ÿ

i“1

δXi,Ns

˘

ds`

ż t

0

σ
`

s,Xi,N
s ,

1

N

N
ÿ

i“1

δXi,Ns

˘

dW i
s , (7.17)
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for i “ 1, ¨ ¨ ¨ , N , where we use the standard notation δx for the unit (Dirac) point mass at
x. Notice that the coupling between theseN SDEs is obtained by replacing in the McKean-
Vlasov dynamics (7.9), the distributions LpXi

tq whose presence creates the nonlinearity in
the form of a self-interaction, by the empirical distributions of the particles X1,N

t , ¨ ¨ ¨ ,
XN,N
t . The hope is that a form of Law of Large Numbers will prove that the impact of this

substitution on the solutions will be minimal. A simple application of the definition of the
Wasserstein distance to the case of point measures shows that if x “ px1, ¨ ¨ ¨ , xN q, and
y “ py1, ¨ ¨ ¨ , yN q are generic elements of RdN , one has:

W p2q
` 1

N

N
ÿ

i“1

δxi ,
1

N

N
ÿ

i“1

δyi
˘

ď

˜

1

N

N
ÿ

i“1

|xi ´ yi|
2

¸1{2

“
1
?
N
|x´ y|. (7.18)

This implies for fixed N , the uniform Lipschitz property for the coefficients of the system
(7.17) and in turn, existence and uniqueness of a strong solution. The main result of this
section establishes pathwise propagation of chaos for the interacting particle system (7.17).
The following lemma will be useful in the control of the particle approximation.

Lemma 7.8 Let µ P P2pRdq, let pξiqiě1 be a sequence of independent random variables
with common law µ, and for each integer N ě 1, let µN denote the empirical distribution
of ξ1, ¨ ¨ ¨ , ξN , namely µN “ 1

N

řN
i“1 δξi . Then for each N ě 1 we have:

EW p2qpµN , µq2 ď

ż

Rd
|x|2µpdxq, and lim

NÑ8
EW p2qpµN , µq2 “ 0.

Proof: By the strong law of large numbers, µN converges weakly toward µ almost surely asN Ñ8.
Similarly, for each 1 ď i, j ď d,

lim
NÑ8

ż

Rd
xiµ

N
pdxq “

ż

Rd
xiµpdxq, and lim

NÑ8

ż

Rd
xixjµ

N
pdxq “

ż

Rd
xixjµpdxq

almost surely. Since the Wasserstein distance W p2q induces the topology of weak convergence to-
gether with the convergence of all the moments up to order 2, one concludes that W p2q

pµN , µq con-
verges toward 0 almost surely as N Ñ 8. Moreover, the sequence pW p2q

pµN , µq2qNě1 of random
variables is uniformly integrable. Indeed, for any coupling π of µN and µ,

W p2q
pµN , µq2 ď

ż

RdˆRd
|x´ y|2 πpdx, dyq

ď

ż

RdˆRd
p|x|2 ` |y|2qπpdx, dyq

“ 2

ˆ
ż

Rd
p|x|2 µN pdxq `

ż

Rd
|y|2 µpdyq

˙

“
2

N

N
ÿ

i“1

|ξi|
2
` 2

ż

Rd
|x|2µpdxq

which is nonnegative and converges almost surely toward 4
ş

Rd |x|
2µpdxq which is a finite constant.

Since the limit is a constant, the convergence is also in the sense of L1 from which we conclude. ˝
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Theorem 7.9 Under the above assumptions for the processes defined by (7.16) and (7.17)
we have:

lim
NÑ8

sup
1ďiďN

E sup
0ďtďT

|Xi,N
t ´Xi

t |
2 “ 0. (7.19)

Usually, propagation of chaos is a statement about distributions rather than a pathwise
statement. It says that for fixed k ě 1, if we let N Õ 8, then the law of pXi,N

t q
i“1,¨¨¨ ,k
tPr0,T s

converges toward the probability distribution of pXi
tq
i“1,¨¨¨ ,k
tPr0,T s implying that the k particles

X1,N , ¨ ¨ ¨ ,Xk,N become independent and acquire the same distribution given by the solu-
tion of the McKean-Vlasov SDE (7.9). Theorem 7.9, and especially statement (7.19), give a
pathwise form of this statement by constructing the finite particle systems and their chaotic
limits on the same probability space and proving pathwise convergence via a mean field
coupling.
Proof: For any fixed t P r0, T s, N ě 1 and i P t1, ¨ ¨ ¨ , Nu, we have:

E sup
0ďsďt

|Xi,N
s ´Xi

s|
2
ď c

ż t

0

E|b
`

s,Xi,N
s ,

1

N

N
ÿ

k“1

δ
X
i,N
s

˘

´ b
`

s,Xi
s,

1

N

N
ÿ

k“1

δXis

˘

|
2ds

c

ż t

0

E|b
`

s,Xi
s,

1

N

N
ÿ

k“1

δXis

˘

´ bps,Xi
s,LpXi

sq|
2ds

` c

ż t

0

E|σ
`

s,Xi,N
s ,

1

N

N
ÿ

k“1

δ
X
i,N
s

˘

´ σ
`

s,Xi
s,

1

N

N
ÿ

k“1

δXis

˘

|
2ds

c

ż t

0

E|σ
`

s,Xi
s,

1

N

N
ÿ

k“1

δXis

˘

´ σps,Xi
s,LpXi

sq|
2ds.

Using the Lipschitz property of the coefficients b and σ, the elementary estimate (7.18) con-
trolling the distance between two empirical measures, and the exchangeability of the couples
pXi, Xi,N

q1ďiďN , one sees that the first and third terms of the above right are bounded from above
by c

şt

0
E sup0ďrďs |X

i,N
r ´ Xi

r|
2ds. Using GronwallÕs inequality and once more the Lipschitz

property of the coefficients b and σ, we get

E sup
0ďsďt

|Xi,N
x ´Xi

x|
2
ď c

ż t

0

E|b
`

s,Xi
s,

1

N

N
ÿ

k“1

δ
X
k,N
s

˘

´ bps,Xi
s,LpXi

sq|
2ds

` c

ż t

0

E|σ
`

s,Xi
s,

1

N

N
ÿ

k“1

δ
X
k,N
s

˘

´ σps,Xi
s,LpXi

sq|
2ds

ď c

ż t

0

EW p2q
p

1

N

N
ÿ

k“1

δ
X
k,N
s

,LpXi
sqq

2ds.

The claim of the theorem now follows from Lemma 7.8 and Lebesgue’s dominated convergence
theorem. ˝



7.5 SOME IMPORTANT EXAMPLES

7.5.1 The Kuramoto Model

The Kuramoto model (KM) of coupled phase oscillators is a very popular example of dy-
namical system, its success being mostly due to its analytical simplicity and universality of
the dynamical mechanisms that it helped to reveal. It describes the evolution of a system of
N interconnected phase oscillators θN,i : r0,8qmaptoR{2πZ with intrinsic frequencies
ωN,i for i “ 1, ¨ ¨ ¨ , N . Their dynamics are given by the following system of Ordinary
Differential Equations (ODE) :

9θN,it “ ωN,i `
κ

N

N
ÿ

j“1

aNi,j sinpθN,it ´ θN,it ` αq, i P rN s,

where κ is the strength of the coupling, α P r0, 2πqspecifies the type of interaction (at-
tractive or repulsive), and the symmeric matrix aN “ raNi,jsi,j“1,¨¨¨ ,N defines the graph
underpinning the network of interactions between the oscillators. One of the most interest-
ing properties of this dynamical system is the existence of a critical value κc separating
incoherent dynamics from perfect synchronization.

The sum on the right–hand side models the interactions between the oscillators, α P
r0, 2πq determines the type of interactions (attractive vs repulsive), and K is the strength
of coupling. The spatial structure of interconnections is encoded in the adjacency matrix
paijn q. The KM plays an important role in the theory of synchronization. We mention two
major contributions that are especially relevant to the present study. First, it reveals a uni-
versal mechanism for the transition to synchronization in systems of coupled oscillators
with random intrinsic frequencies. The analysis of the KM shows that there is a critical
value of the coupling strength Kc separating the incoherent (mixing) dynamics (Fig. 1a)
from synchronization (Fig. 1b) [19, 7, 8]. Second, studies of the KM led to the discovery
of chimera states, patterns combining regions of coherent and incoherent dynamics

129





8

Stochastic Differential Games

This chapter is devoted to the analysis of stochastic differential games with a strong empha-
sis on several important features which may not always be compatible. First, we extend to
stochastic differential games the notion of anonymous game, especially games with mean
field interactions leading to what is now known as Mean Field Games (MFGs). Concur-
rently, we consider games for which the interactions between players are underpinned by
a graph structure, possibly breaking the symmetry of the interactions found in MFGs. In
both cases, we focus on a probabilistic approach (as opposed to those based on PDEs). To
this end, we present a version of the stochastic maximum principle and we apply it to the
solution of a simple Linear Quadratic (LQ) model chosen in hope that its limit when the
number of players go to infinity can be analyzed.

8.1 INTRODUCTION AND FIRST DEFINITIONS

The purpose of this chapter is to introduce and develop the mathematical analysis of com-
petitive stochastic differential games with finitely many players. We denote by N the
number of players. We label them by the integers 1, ¨ ¨ ¨ , N , using frequently the nota-
tion rN s “ t1, ¨ ¨ ¨ , Nu. At each time t, the players act on a system whose state Xt they
influence through their actions, the dynamics of Xt being given by a stochastic differential
equation of the Itô’s type. The Itô process giving the state dynamics is driven by a m-
dimensional Wiener process W “ pWtq0ďtďT defined on a probability space pΩ,F ,Pq,
the filtration F “ pFtq0ďtďT being assumed to be most of the time its natural filtration.

We denote by A1, ¨ ¨ ¨ , AN the sets of actions that players 1, ¨ ¨ ¨ , N can take at any
point in time. Ai is typically a compact metric space or a subset of a closed convex subset
of a Euclidean space, say Ai Ă Rki , and we denote by Ai its Borel σ-field. We will use
the notation A “ A1 ˆ ¨ ¨ ¨ ˆ AN for the set of actions α “ pα1, ¨ ¨ ¨ , αN q available to
players 1, ¨ ¨ ¨ , N at any given time. Also, in order to emphasize the multivariate nature
of the game models (as opposed to the single agent nature of control problems) we use
the term strategy profile. We use the notation A for the set of admissible strategy profiles.
The elements α of A are N -tuples α “ pα1, ¨ ¨ ¨ ,αN q where each αi “ pαitq0ďtďT
is a Ai-valued adapted process. Moreover, these individual strategies will have to satisfy
extra conditions (e.g. measurability and integrability constraints) which change from one
application to another. In most of the cases considered here, we shall assume that these con-
straints can be defined player by player, independently of each other. To be more specific,
we shall often assume that A “ A1 ˆ ¨ ¨ ¨ ˆ AN where for each i P t1, ¨ ¨ ¨ , Nu, Ai is the
space of controls / strategies which are deemed admissible to player i, irrespective of what
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the other players do. Typically, Ai will be a space of Ai-valued, progressively measurable
processes αi “ pαitq0ďtďT being either bounded, or satisfying an integrability condition
such as E

şT

0
|αit|

2dt ă 8.

A Convenient Notation. If α “ pα1, ¨ ¨ ¨ , αN q P A, i P t1, ¨ ¨ ¨ , Nu, and βi P Ai, we
will denote by pα´i, βiq the collective set of actions where all players except player i
keep the same actions, while player i switches from action αi to βi. Similarly, if α “

pα1, ¨ ¨ ¨ ,αN q P A is a set of admissible strategies for the N players, and βi P Ai is
an admissible strategy for player i, then we denote by pα´i,βiq the new set of strategies
where at each time t all players j ‰ i keep the same action αjt while player i switches from
action αit to βit . In other words, pα´i,βiqjt is equal to αjt if j ‰ i and βit otherwise.

For each choice of admissible strategy profile α “ pαtq0ďtďT P A, it is assumed that
the time evolution of the stateX “Xα of the system satisfies:

#

dXt “ bpt,Xt, αtqdt` σpt,Xt, αtqdWt 0 ď t ď T,

X0 “ x.
(8.1)

where
pb, σq : r0.T s ˆΩ ˆ Rd ˆA ãÑ Rd ˆ Rdˆm

satisfies

(a1) @x P Rd,@α P A, pbpt, x, αqq0ďtďT and pσpt, x, αqq0ďtďT are progressively mea-
surable processes with values in Rd and Rdˆm respectively;

(a2) Dc ą 0,@t P r0, T s,@α P A,@ω P Ω,@x, x1 P Rd,
|bpt, ω, x, αq ´ bpt, ω, x1, αq| ` |σpt, ω, x, αq ´ σpt, ω, x1, αq| ď c|x´ x1|.

As usual, we omit ω from the notation whenever possible.
Unless the αit are in Markovian feedback form (i.e. of the form αit “ φpt,Xtq for

some deterministic function pt, xq ÞÑ φpt, xq) the dynamics given by (8.1) are given by a
stochastic differential equation whose coefficients depend upon the past.

8.1.1 A Frequently Encountered Special Case

It happens often that the state of the system is the aggregation of private states of individual
players, sayXt “ pX

1
t , ¨ ¨ ¨ , X

N
t qwhereXi

t P Rdi can be interpreted as the private state of
player i P t1, ¨ ¨ ¨ , Nu. Here d “ d1` ¨ ¨ ¨` dN and consequently, Rd “ Rd1 ˆ ¨ ¨ ¨ˆRdN .
The main feature of such a special case is that we usually assume that the dynamics of
the private states are given by stochastic differential equations driven by separate Wiener
processes W i

“ pW i
t q0ďtďT which are most often assumed to be independent of each

other. See nevertheless our discussion of the common noise case later on. So typically we
assume that

dXi
t “ bipt,Xt, αtqdt` σ

ipt,Xt, αtqdW
i
t 0 ď t ď T, i “ 1, ¨ ¨ ¨ , N (8.2)

where the W i
“ pW i

t q0ďtďT are mi-dimensional independent Wiener processes giving
the components ofW “ pWtq0ďtďT , and where the functions
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pbi, σiq : r0.T s ˆΩ ˆ Rd ˆA ãÑ Rdi ˆ Rdiˆmi

satisfy the same assumptions as before. It is important to notice that these N dynamical
equations are coupled by the fact that all the private states and all the actions enter into
the coefficients of these N equations. We can use vector/matrix notation, and rewrite the
system ofN stochastic dynamical equations in Euclidean spaces of dimensions d1, ¨ ¨ ¨ , dN
respectively as a stochastic differential equation giving the dynamics of the d-dimensional
state Xt. So if we set

Xt “

»

—

—

—

–

X1
t

X2
t

...
XN
t

fi

ffi

ffi

ffi

fl

, bpt, x, αq “

»

—

—

—

–

b1pt, x, αq
b2pt, x, αq

...
bN pt, x, αq

fi

ffi

ffi

ffi

fl

, and Wt “

»

—

—

—

–

W 1
t

W 2
t

...
WN
t

fi

ffi

ffi

ffi

fl

, (8.3)

with m “ m1 ` ¨ ¨ ¨ `mN and

σpt, x, αq “

»

—

—

—

–

σ1pt, x, αq 0 ¨ ¨ ¨ 0
0 σ2pt, x, αq ¨ ¨ ¨ 0
. . . . . . . . . . . .
0 ¨ ¨ ¨ 0 σN pt, x, αq

fi

ffi

ffi

ffi

fl

.

we recover the dynamics of the state of the system given by (8.1). However, it is important
to emphasize the special block-diagonal structure of the volatility matrix σ, and most im-
portantly, the fact that when the Wiener processesW i are not independent, the components
of the Wiener processW are not independent which is an assumption which we often make
when we use dynamics of the form (8.1).

The popularity of this formulation is due to the ease with which we can define the infor-
mation structures and admissible strategy profiles of some specific games of interest. For
example, in a game where each player can only use the information of the state of the sys-
tem at time t when making a strategic decision at that time, the admissible strategy profiles
will be of the form αit “ φipt,Xtq for some deterministic function φi. These strategies are
said to be closed loop in feedback form, or Markovian. Moreover, if the information which
can be used by player i at time t can only depend upon his/her own private state at time t,
then the admissible strategy profiles will be of the form αit “ φipt,Xi

tq. Such strategies are
usually called distributed.

8.1.2 Cost Functionals and Notions of Optimality

In full analogy with the case of stochastic control involving only one controller, we as-
sume that each player (controller) faces instantaneous and running costs. So for each
i P t1, ¨ ¨ ¨ , Nu we assume that we have

• an FT -measurable square integrable random variable ξi P L2pΩ,FT ,Pq usually called
the terminal cost. Most often, ξi will be of the form ξi “ gipXT q for some FT ˆ BRd -
measurable function gi : ΩˆRd ãÑ R which is assumed to grow at most quadratically;
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• a function f i : r0, T s ˆΩ ˆ Rd ˆ A ãÑ R called the running cost satisfying the same
assumption as the drift b;

from which we define the overall expected cost to player i

• (cost functional) If the N players use the strategy profile α P A, the expected total cost
to player i is defined as

J ipαq “ E
“

ż T

0

f ips,Xs, αsqds ` ξiu, α “ pα1, ¨ ¨ ¨ ,αN q P A, (8.4)

whereX is the state of the system whose dynamics are given by equation (8.1).

Notice that, in the general situation considered here, the cost to a given player depends
upon the strategies used by the other players indirectly through the values of the state Xt

over time, but also directly as the specific actions αjt taken by the other players may appear
explicitly in the expression of the running const f i of player i.

Each player i attempts to minimize his/her total expected cost J i. If we introduce the
notation

Jpαq “ pJ1pαq, ¨ ¨ ¨ , JN pαqq, α P A,
heuristically speaking, finding a solution to the game amounts to searching for a solution to
the stochastic optimization problem for the functional J over the set A of admissible strat-
egy profiles. The major difficulty is that J is taking values in a multidimensional Euclidean
space which is not totally ordered in a natural fashion. We need to specify how we compare
the costs of different strategy profiles in order to clearly define the notion of optimality. We
shall use the notion of Nash equilibrium.

Definition 8.1 A set of admissible strategies α˚ “ pα˚1, ¨ ¨ ¨ ,α˚N q P A is said to be a
Nash equilibrium for the game if

@i P t1, ¨ ¨ ¨ , Nu, @αi P Ai, J ipα˚q ď J ipα˚´i,αiq.

NB: Nash equilibriums are not Pareto efficient in general!

The existence and uniqueness (or lack thereof) of equilibriums, as well as the proper-
ties of the corresponding optimal strategy profiles strongly depend upon the information
structures available to the players, and the types of actions they are allowed to take. So
rather than referring to a single game with several information structures and admissible
strategy profiles for the players, we choose to talk about models, e.g. the open loop model
for the game or the closed loop model, or even the Markovian model for the game. We give
precise definitions below. The published literature on stochastic differential games, at least
the part addressing terminology issues, is rather limited, and there is no clear consensus on
the names to give to the many notions of admissibility for strategy profiles. We warn the
reader that the definitions we use reflect our own personal biases and, this disclaimer being
out of the way, the best we can do is to pledge consistency with our choices.

Definition 8.2 If the strategy profile α˚ “ pα˚1, ¨ ¨ ¨ ,α˚N q P A satisfies the conditions
of Definition 8.1 without further restriction on the strategies α˚i and αi, we say that α˚

is an open loop Nash equilibrium (OLNE for short) for the game, or equivalently, a Nash
equilibrium for the open loop game model.
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If the filtration F is generated by the Wiener process W , except possibly for the presence
of independent events in F0, the strategy profiles used in an open loop game model can be
viewed as given by controls of the form

αit “ ϕipt,X0,Wr0,tsq

for some deterministic functions ϕ1, ¨ ¨ ¨ , ϕN where we used the notation Wr0,ts for the
path of the Wiener process between time t “ 0 and t. The definition of open loop equi-
librium warrants some caution. This definition is very natural and very convenient from a
mathematical point of view, and we shall see that powerful existence results can be proved
for these game models. However, it is rather unrealistic from a practical point of view. In-
deed, it is very difficult to imagine situations in which the whole trajectory Wr0,ts of the
random shocks can be observed. So using functions of this trajectory as strategies does not
seem very constructive as an approach to the search for an equilibrium !

Definition 8.3 If the strategy profileα˚ “ pα˚1, ¨ ¨ ¨ ,α˚N q P A satisfies the conditions of
Definition 8.1 with the restriction that the strategiesα˚i andαi are deterministic functions
of time and the initial state, we say that α˚ is a deterministic Nash equilibrium (DNE for
short) for the game.

The strategy profiles used in the search for a deterministic equilibrium are given by controls
of the form

αit “ ϕipt,X0q

for some deterministic functions ϕ1, ¨ ¨ ¨ , ϕN of the time variable t and the state of the
system x. Given the fact that the Wiener process W is not present in deterministic game
models, the above definitions are consistent with the standard terminology used in the clas-
sical analysis of deterministic games.

Definition 8.4 If the strategy profileα˚ “ pα˚1, ¨ ¨ ¨ ,α˚N q P A satisfies the conditions of
Definition 8.1 with the restriction that the strategiesα˚i andαi are deterministic functions
of time and the trajectory of the state between time t “ 0 and t, we say that α˚ is a closed
loop Nash equilibrium (CLNE for short) for the game, or equivalently, a Nash equilibrium
for the closed loop game model.

The strategy profiles used in the search for a closed loop equilibrium are given by controls
of the form

αit “ ϕipt,Xr0,tsq

for some deterministic functions ϕ1, ¨ ¨ ¨ , ϕN . Finally,

Definition 8.5 If the strategy profileα˚ “ pα˚1, ¨ ¨ ¨ ,α˚N q P A satisfies the conditions of
Definition 8.1 with the restriction that the strategiesα˚i andαi are deterministic functions
of time, the initial state and the trajectory of the state at time t, we say that α˚ is a closed
loop Nash equilibrium in feedback form (CLFFNE for short) for the game.

The strategy profiles used in the search for a closed loop equilibrium in feedback form are
given by controls of the form

αit “ ϕipt,X0, Xtq
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for some deterministic functions ϕ1, ¨ ¨ ¨ , ϕN . The most important example of application
of this notion of equilibrium concerns the case of deterministic drift and volatility coeffi-
cients b and σ, and cost functions f and g. This case will be discussed in Subsection 8.1.4
treating Markovian diffusions and we shall strengthen the notion of closed loop equilibrium
in feedback form into the notion of Markovian equilibriumm.

Remark 8.6 While we went out on a limb in our choice for the definition of open loop mod-
els, the following remarks are consistent with the terminology used in most write ups on
deterministic games. Typically, in the open loop model, players cannot observe the play of
their opponents while in the closed loop model, at each time, all past play is common knowl-
edge. From a mathematical stand point, open loop equilibriums are more tractable than
closed loop equilibriums because players need not consider how their opponents would re-
act to deviations from the equilibrium path. With this in mind. one should expect that when
the impact of players on their opponents’ costs/rewards is small, open loop and closed
loop equilibriums should be the same. We shall see instances of this intuition in the large
N limit of the Linear Quadratic (LQ) model of systemic risk analyzed in Section ?? and in
our discussion of Mean Field Games (MFG) in Chapter ??.

8.1.3 Toward a Version of the Pontryagin Stochastic Maximum Principle

Players’ Hamiltonians

For each player i P rN s, we define their Hamiltonian as the function Hi:

r0, T s ˆΩ ˆ Rd ˆ Rd ˆ Rdˆm ˆA Q pt, x, y, z, αq ãÑ Hipt, x, y, z, αq P R (8.5)

defined by

Hipt, x, y, z, αq “ bpt, x, αq ¨ y
l jh n

inner product of
state drift b and

covariable y

` trace rσpt, x, αq:zs
l jh n

inner product of
state volatility σ
and covariable z

` f ipt, x, αq.
l jh n

running cost
of player i

When the actions of the players do not appear in the volatility of the state (i.e. when the
volatility is not controlled), we use the reduced Hamiltonians

H̃ipt, x, y, αq “ bpt, x, αq ¨ y ` f ipt, x, αq.

whose minimum in the variable αi is attained for the same value as for the full Hamiltonian.
We explain below the relevance of this remark.

Generalized Isaacs (MinMax) Condition

The following definition is motivated by the generalization to stochastic differential games
of the necessary part of the stochastic maximum principle which we give below.
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Definition 8.7 We say that the generalized Isaacs (minmax) condition holds if there exists
a function

α̂ : r0, T s ˆ Rd ˆ pRdqN ˆ pRdˆmqN Q pt, x, y, zq ãÑ α̂pt, x, y, zq P A

satisfying, for every i P t1, ¨ ¨ ¨ , Nu, t P r0, T s, x P Rd, y “ py1, ¨ ¨ ¨ , yN q P pRdqN and
z “ pz1, ¨ ¨ ¨ , zN q P pRdˆmqN

Hipt, x, yi, zi, α̂pt, x, y, zqq ď Hipt, x, yi, zi, pα̂pt, x, y, zq´i, αiqq for all αi P Ai.
(8.6)

Notice that in this definition, the function α̂ could depend upon the random scenario
ω P Ω if the Hamiltonians Hi do. In words, this definition says that for each set of dual
variables y “ py1, ¨ ¨ ¨ , yN q and z “ pz1, ¨ ¨ ¨ , zN q, for each time t and state x at time t,
and possibly random scenario ω, one can find a set of actions α̂ “ pα̂1, ¨ ¨ ¨ , α̂N q depending
on these quantities, and such that if we fix N ´ 1 of these actions, say α̂´i, then the
remaining one α̂i minimizes the i-th Hamiltonian in the sense that:

α̂i P arg inf
αiPAi

Hipt, x, yi, zi, pα̂´i, αiqq, for all i P t1, ¨ ¨ ¨ , Nu. (8.7)

The notation can be lightened slightly when the volatility is not controlled. Indeed,
as we explained above, minimizing the Hamiltonian gives the same α̂ as minimizing the
reduced Hamiltonian. Note also that in this case, the argument α̂ of the minimization is
independent of z. So when the volatility is not controlled we say that the generalized Isaacs
(minmax) condition holds if there exists a function

α̂ : r0, T s ˆ Rd ˆ pRdqN Q pt, x, y, zq ãÑ α˚pt, x, yq P A

satisfying

@i P t1, ¨ ¨ ¨ , Nu,@t P r0, T s,@x P Rd,@y “ py1, ¨ ¨ ¨ , yN q P pRdqN ,

H̃ipt, x, yi, α̂pt, x, yqq ď H̃ipt, x, yi, pα̂pt, x, yq´i, αiqq for all αi P Ai. (8.8)

Rationale: the fact that individual players’ Hamiltonians should be minimized is suggested
by the construction of the best response function as a solutions ofN stochastic control prob-
lems and the necessary part of the Pontryagin stochastic maximum principle for stochas-
tic control problems. Accordingly, the fact that the same function α̂ minimizes ALL the
Hamiltonians simultaneously is dictated by search for a fixed point of the best response
function.

8.1.4 The Particular Case of Markovian / Diffusion Dynamics

In most applications for which actual numerical computations are possible, the coefficients
of the state dynamics (8.1) depend only upon the present valueXt of the state instead of the
entire past Xr0,ts of the state of the system, or of the WIener process driving the evolution
of the state. In this case, the dynamics of the state are given by a diffusion-like equation

dXt “ bpt,Xt, αtqdt` σpt,Xt, αtqdWt 0 ď t ď T, (8.9)
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with initial condition X0 “ x, and for deterministic drift and volatility functions

pb, σq : r0, T s ˆ Rd ˆA Q pt, x, αq ãÑ pbpt, x, αq, σpt, x, αqq P Rd ˆ Rdˆm.

So except for the fact that the strategy profile α may depend upon the past (feature that
we are about to discard) the solution of (8.9) should be like a Markov diffusion. For this
reason, we shall concentrate on strategy profiles which are deterministic functions of time
and the current value of the state to indeed force the controlled state process to be a Markov
diffusion. In fact, we shall also assume that the running cost functions f i and the terminal
cost random variables ξi are Markovian in the sense that, like b and σ, f i does not depend
upon the random scenario ω P Ω, but only upon the current values of the state and the
actions taken by the players, so that we can have f i : r0, T s ˆ Rd ˆ A Q pt, x, αq ãÑ

f ipt, x, αq P R, and ξi is of the form ξi “ gipXT q for some measurable function gi : Rd Q
x ãÑ gipxq P R with (at most) quadratic growth. So in the case of Markovian / diffusion
dynamics, the cost functional of player i is of the form:

J ipαq “ Et
ż T

0

f ipt,Xt, αtqdt ` gipXT qu, α P A, (8.10)

and we tailor the notion of equilibrium to this situation by considering closed loop strat-
egy profiles in feedback forms which provide simultaneously Nash equilibriums for all the
games starting at times t P r0, T s (i.e. over the time periods rt, T s) and all the possible
initial conditions Xt “ x as long as they share the same drift and volatility coefficients b
and σ, and cost functions f i and gi.

Markov Nash Equilibriums

Inspired by the notion of sub-game perfect equilibriums, we introduce the strongest notion
yet of Nash equilibrium.

Definition 8.8 A set φ “ pϕ1, ¨ ¨ ¨ , ϕN q of N deterministic functions ϕi : r0, T s ˆ Rd ãÑ

Rk for i “ 1, ¨ ¨ ¨ , N is said to be a Markov Nash equilibrium (MNE for short), or a Nash
equilibrium for the Markovian game model if for each pt, xq P r0, T s ˆ Rd, the strategy
profile α˚ “ pα˚1, ¨ ¨ ¨ ,α˚N q P A defined for s P rt, T s by α˚is “ ϕips,Xt,x

s q where
Xt,x is the unique solution of the stochastic differential equation

dXs “ bps,Xs, φps,Xsqqds` σps,Xs, φps,XsqqdWs, t ď s ď T

with initial condition Xt “ x, satisfies the conditions of Definition 8.1 with the restriction
that the strategy αi is also given by a deterministic function ϕ on rt, T s ˆ Rd.

It goes without saying that regularity assumptions on the functions ϕi are needed for the
stochastic differential equations giving the dynamics of the controlled state to have a unique
strong solution. Typically, we assume that

the coefficients b and σ are Lipschitz in px, αq uniformly in t P r0, T s.

The strategy profiles used in the above definition are called Markovian strategy profiles.
Obviously, they are close loop in feedback form.
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8.2 GAME VERSION OF THE STOCHASTIC MAXIMUM PRINCIPLE

Proving generalizations of the Pontryagin maximum principle to stochastic games is not
as straightforward as one would like. In these lectures, we limit ourselves to open loop
equilibriums for the sake of simplicity. Throughout this section, we assume that the drift
and volatility functions, as well as the running and terminal cost functions are determin-
istic functions which are differentiable with respect to the variable x, and that the partial
derivatives Bxb, Bxσ, Bxf i and Bxgi for i “ 1, ¨ ¨ ¨ , N are uniformly bounded. Notice that
since b takes values in Rd and x P Rd, Bxb is an element of Rdˆd, in other words a d ˆ d
matrix whose entries are the partial derivatives of the components bj of b with respect to
the components xi of x. Analog statements can be made concerning Bxσ which has the
interpretation of a tensor.

8.2.1 Open Loop Equilibriums

The generalization of the stochastic Pontryagin maximum principle to open loop stochastic
games can be approached in a very natural way, and forms of the open loop sufficient
condition for the existence and identification of a Nash equilibrium have been used in the
case of linear quadratic models. See the Notes & Complements at the end of the chapter
for references.

Definition 8.9 Given an open loop admissible strategy profile α P A and the correspond-
ing evolution X “ Xα of the state of the system, a set of N couples pY i,α,Zi,αq “
pY i,αt , Zi,αt qtPr0,T s of processes in S2,d and H2,dˆm respectively for i “ 1, ¨ ¨ ¨ , N , is said
to be a set of adjoint processes associated with α P A if for each player i P t1, ¨ ¨ ¨ , Nu
they satisfy the BSDEs

#

dY i,αt “ ´BxH
ipt,Xt, Y

i,α
t , Zi,αt , αtqdt` Z

i,α
t dWt

Y i,αT “ Bxg
ipXT q.

(8.11)

We shall not argue the existence and uniqueness of the adjoint processes here. Even though
we did not present the theory of Backward Stochastic Differential Equations (BSDEs) here,
existence and uniqueness do not represent an issue under the present hypotheses. Indeed,
given α P A and the corresponding state evolution X “ Xα, equation (8.11) can be
viewed as a BSDE with random coefficients, terminal condition in L2, and driver:

ψpt, ω, y, zq “ ´Bxbpt,Xtpωq, αtpωqq ¨ y ´ Bxσpt,Xtpωq, αtpωqq ¨ z

´ Bxf
ipt,Xtpωq, αtpωqq

which is an affine function of y and z with uniformly bounded random coefficients and
an L2 intercept. So for each i P t1, ¨ ¨ ¨ , Nu, existence and uniqueness of a solution
pY i,αt , Zi,αt q0ďtďT follows from standard existence results. See for example Theorem ??.

The following result is the open loop game version of the necessary part of the Pon-
tryagin maximum principle. Its proof can be conducted along the lines of the corresponding
proof in the case of stochastic control. We do not give it as we only use this result as a ra-
tionale for the search for a function satisfying the min-max Isaacs condition.
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Theorem 8.10 Under the above conditions, if α˚ P A is a Nash equilibrium for the open
loop game, and if we denote by X˚

“ pX˚t q0ďtďT the corresponding controlled state
of the system, and by pY ˚,Z˚q “

`

pY ˚1, ¨ ¨ ¨ ,Y ˚N q, pZ˚1, ¨ ¨ ¨ , Ẑ˚N q
˘

a set of adjoint
processes, then the generalized min-max Isaacs conditions hold along the optimal paths in
the sense that for each i P t1, ¨ ¨ ¨ , Nu:

Hipt,X˚t , Y
˚i
t , Z˚it , α

˚
t q “ inf

αiPAi
Hipt,X˚t , Y

˚i
t , Z˚it , pα

˚´i, αiqq, dtbdP a.s. (8.12)

We now state and prove the sufficient condition which we will use in the applications
we consider in these lectures.

Theorem 8.11 Assuming that the functions b, σ and f i are twice continuously differ-
entiable in px, αq P Rd ˆ A and gi are twice continuously differentiable in x P Rd,
all with bounded partial derivatives, if α̂ P A is an admissible adapted (open loop)
strategy profile, X̂ “ pX̂tq0ďtďT the corresponding controlled state, and pŶ , Ẑq “
`

pŶ 1, ¨ ¨ ¨ , ˆY N
q, pẐ1, ¨ ¨ ¨ , ẐN q

˘

a set of corresponding adjoint processes such that for
each i P t1, ¨ ¨ ¨ , Nu:

1. px, αq ãÑ Hipt, x, Ŷ it , Ẑ
i
t , αq is a convex function , dtb dP a.s.;

2. gi is convex,

and if moreover, for every i P t1, ¨ ¨ ¨ , Nu we have:

Hipt, X̂t, Ŷ
i
t , Ẑ

i
t , α̂tq “ inf

αiPAi
Hipt, X̂t, Ŷ

i
t , Ẑ

i
t , pα̂

´i, αiqq, dtb dP a.s., (8.13)

then α̂ is a Nash equilibrium for the open loop game.

Proof: We fix i P t1, ¨ ¨ ¨ , Nu, a generic (adapted) αi P Ai, and for the sake of simplicity, we
denote by X the state Xpα̂´i,αiq controlled by the strategies pα̂´i,αiq. The function gi being
convex almost surely, we have:

gipX̂T q ´ g
i
pXT q

ď pX̂T ´XT qBxg
i
pX̂T q

“ pX̂T ´XT qŶ
i
T

“

ż T

0

pX̂t ´Xtq dŶ
i
t `

ż T

0

Ŷ it dpX̂t ´Xtq `

ż T

0

rσpt, X̂t, α̂tq ´ σpt,Xt, pα̂
´i, αiqqs ¨ Ẑit dt

“ ´

ż T

0

pX̂t ´XtqBxH
i
pt, X̂t, Ŷ

i
t , Ẑ

i
t , α̂tq dt`

ż T

0

Ŷ it rbpt, X̂t, α̂tq ´ bpt,Xt, pα̂
´i, αiqqs dt

`

ż T

0

rσpt, X̂t, âtq ´ σpt,Xt, pα̂
´i, αiqqs ¨ Ẑit dt` martingale (8.14)

So that, taking expectations of both sides and plugging the result into

J ipα̂q´J ippα̂´i,αiqq “ Et
ż T

0

rf ipt, X̂t, α̂tq´f
i
pt,Xt, pα̂

´i, αiqqsdtu`EtgipX̂T q´gipXT qu

we get:
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J ipα̂q ´ J ippα̂´i, αiqq “ Et
ż T

0

rHi
pt, X̂t, Ŷ

i
t , Ẑ

i
t , α̂tq ´H

i
pt,Xt, Ŷ

i
t , Ẑ

i
t , pα̂

´i, αiqqsdtu

´ Et
ż T

0

Ŷ it rbpt, X̂t, α̂tq ´ bpt,Xt, pα̂
´i, αiqqs dtu

´ Et
ż T

0

rσpt, X̂t, α̂tq ´ σpt,Xt, pα̂
´i, αiqqs ¨ Ẑit dtu

` EtgipX̂T q ´ gipXT qu

ď Et
ż T

0

rHi
pt, X̂t, Ŷ

i
t , Ẑ

i
t , α̂tq ´H

i
pt,Xt, Ŷ

i
t , Ẑ

i
t , pα̂

´i, αiqq

´ pX̂t ´XtqBxH
i
pt, X̂t, Ŷ

i
t , Ẑ

i
t , α̂tqs dtu

ď 0, (8.15)

because the above integrand is non-positive for dt b dP almost all pt, ωq P r0, T s ˆ Ω. Indeed,
this is easily seen by a second order Taylor expansion as a function of px, αq, using the convexity
assumption and the fact that α̂ is a critical point (where the first order derivative vanishes) because it
satisfies the generalized Isaacs condition by assumption. ˝

Implementation Strategy

We shall try to use this sufficient condition in the following manner. When the coefficients
of the model are differentiable with respect to the state variable xwith bounded derivatives,
if the convexity assumptions 1. and 2. of the above theorem are satisfied, we shall search
for a deterministic function α̂

pt, x, py1, ¨ ¨ ¨ , yN q, pz1, ¨ ¨ ¨ , zN qq ãÑ α̂pt, x, py1, ¨ ¨ ¨ , yN q, pz1, ¨ ¨ ¨ , zN qq P A

on r0, T s ˆ Rd ˆ RdN ˆ RdmN which satisfies Isaacs conditions. Next, we replace the
adapted controls α in the forward dynamics of the state as well as in the adjoint BSDEs by

α̂pt,Xt, pY
1
t , ¨ ¨ ¨ , Y

N
t q, pZ

1
t , ¨ ¨ ¨ , Z

N
t qq.

This creates a large FBSDE comprising a forward equation in dimension d and N back-
ward equations in dimension d. The couplings between these equations may be highly
nonlinear, and this system may be very difficult to solve. However, if we find processesX ,
pY 1, ¨ ¨ ¨ ,Y N

q, pZ1, ¨ ¨ ¨ ,ZN q solving this FBSDE
$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

dXt “ bpt,Xt, α̂pt,Xt, pY
1
t , ¨ ¨ ¨ , Y

N
t q, pZ

1
t , ¨ ¨ ¨ , Z

N
t qqqdt

` σpt,Xt, α̂pt,Xt, pY
1
t , ¨ ¨ ¨ , Y

N
t q, pZ

1
t , ¨ ¨ ¨ , Z

N
t qqqdWt,

dY 1
t “ ´BxH

1pt,Xt, Y
1
t , Z

1
t , α̂pt,Xt, pY

1
t , ¨ ¨ ¨ , Y

N
t q, pZ

1
t , ¨ ¨ ¨ , Z

N
t qqqdt` Z

1
t dWt,

¨ ¨ ¨ “ ¨ ¨ ¨

dY Nt “ ´BxH
N pt,Xt, Y

N
t , ZNt , α̂pt,Xt, pY

1
t , ¨ ¨ ¨ , Y

N
t q, pZ

1
t , ¨ ¨ ¨ , Z

N
t qqqdt` Z

N
t dWt,

(8.16)
with initial condition X0 “ x for the forward equation, and for each i P t1, ¨ ¨ ¨ , Nu, ter-
minal condition Y iT “ Bxg

ipXT q for the backward equation, the above sufficient condition
says that the strategy profile α̂ defined by α̂t “ α̂pt,Xt, pY

1
t , ¨ ¨ ¨ , Y

N
t q, pZ

1
t , ¨ ¨ ¨ , Z

N
t qq is

an open loop Nash equilibrium.
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8.3 FIRST APPLICATION TO A SIMPLE NETWORK GAME

We first describe the model.

8.3.1 The Finite Player Game Model

For each N , positive integer denoting the number of players, let WN “ rwNi,jsi,j“1,¨¨¨ ,N be
anNˆN symmetric matrix of real numbers. We want to think of the integers in t1, . . . , Nu
as players, and WN

i,j as a weight quantifying the strength of the interaction between players
i and j. When these weights only take values 0 or 1, the matrix W is merely the adjacency
matrix of the graph of players, to be understood as a way to indicate the couples of players
in interaction. For the sake of definiteness, we shall assume that wNii “ 0. So players do not
interact with themselves. We carry the superscript N to emphasize the number of players
as we intend to eventually take the limit N Ñ8 to analyze the situation for large network
games.

We denote by A the set of actions which are admissible to each player. A will typically
be a closed convex subset of a Euclidean space Rd.

Let pΩ,F ,Pq a probability space on which is defined a sequence pBnqně1 of indepen-
dent processes of Brownian motion, Bn “ pBnt qtě0, and we denote by F “ pFtqtě0 the
filtration Ft “ σtBns : 0 ď s ď t, n ě 1u. We also assume the existence of a sequence
pXn

0 qně1 of independent random variables in Rd which is independent of the sequence of
Brownian motions.

For each N ě 1, we denote by pXN,i
qi“1,¨¨¨ ,N the Itô stochastic processes with initial

conditions XN,i
0 “ Xi

0 and stochastic differentials:

dXN,i
t “ αN,it dt` σNdB

i
t, i “ 1, ¨ ¨ ¨ , N.

where for each i P rN s, αN,i “ pαN,it q0ďtďT is an Rk-valued process progressively
measurable with respect to the filtration generated by the Brownian motion BpNq “
pB1, ¨ ¨ ¨ ,BN q. XN,i

t represents the (private) state of player i in the N player version of
our game, and pαN,it q0ďtďT the control process giving their strategy. For the sake of sim-
plicity we assume that the dimensions d1, ¨ ¨ ¨ , dN of all the private states are equal to 1 so
that d “ N . As a result all the ki are also equal to 1 and αN,it P R.

We complete the definition of the game by introducing the costs incurred by the players.
The cost to player i P rN s is given by:

J ipαN,1, ¨ ¨ ¨ ,αN,N q “ E
”

ż T

0

f ipt, pXN,1
t , ¨ ¨ ¨ , XN,N

t q, αN,it qdt
ı

with

f ipt, px1, ¨ ¨ ¨ , xN q, αq “
1

2
|α|2 `

κ2

2
|xi ´

1

N

N
ÿ

j“1

wNij x
j |2.

This quadratic cost has two components. First, a penalization for the choice of the action
α P A, and second a penalty of the state xi of player i to be far from the aggregate of the
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states of the players they are interacting with. Note that this aggregate involves the graph
structure underpinning the interactions in the network, and that it changes with i. As a
result, while this interaction is mean field when wNij ” 1, in general, this type of interaction
is not mean field because the symmetry between the players is broken by the particular
structure of the graph.

8.3.2 Construction of Nash Equilibriums

We use the sufficient condition of the Pontryagin stochastic maximum principle to identify
a Nash equilibrium for this game. Notice that for each i P rN s, the terminal cost is zero
which is obviously convex. Moreover, the Hamiltonian of player i reads:

Hipt,x,yi, zi,αq “
N
ÿ

j“1

αjyi,j ` σ
N
ÿ

j“1

zijj `
1

2
|αi|2 `

κ2

2
|xi ´

1

N

N
ÿ

j“1

wNij x
j |2

which is clearly convex in px,αq so that conditions 1. and 2. of Theorem 8.11 are satisfied.
Also, the minimization of Hi with respect to αi can easily be achieved since:

BHi

Bαi
“ 0 ô yii ` αi “ 0 ô αi “ ´yii.

So using the notation of the above Implementation Strategy subsection, the function α̂
satisfying the Isaacs conditions is given by:

α̂pt, x, py1, ¨ ¨ ¨ , yN q, pz1, ¨ ¨ ¨ , zN qq “ p´y11, ¨ ¨ ¨ ,´yNN q.

Since
BHip¨ ¨ ¨ q

Bxj
“ ´κ2

´

xi ´
1

N

N
ÿ

j“1

wNij x
j
¯´

δij ´
1

N
wNij

¯

the forward/backward system (8.16) becomes (dropping momentarily the superscriptN for
convenience):
$

’

’

&

’

’

%

dXi
t “ ´Y

ii
t dt` σdB

i
t, i “ 1, ¨ ¨ ¨ , N

dY ijt “ ´κ2
´

Xi
t ´

1
N

řN
j“1 w

N
ijX

j
t

¯´

δij ´
1
Nw

N
ij

¯

dt`
řN
k“1 Z

ijk
t dBkt ,

i, j “ 1, ¨ ¨ ¨ , N

(8.17)

with initial conditions Xi
0 for the N forward equations and Y ijT “ 0 for the N2 backward

equations. Below, we first solve the system
#

dXi
t “ ´Y

ii
t dt` σdB

i
t, i “ 1, ¨ ¨ ¨ , N

dY iit “ ´κ2
´

Xi
t ´

1
N

řN
j“1 w

N
ijX

j
t

¯

dt`
řN
k“1 Z

iik
t dBkt , i, j “ 1, ¨ ¨ ¨ , N,

(8.18)
recall that we assumed wNii “ 0, and then we shall set

Y ijt “ κ2E
”

ż T

t

´

Xi
s ´

1

N

N
ÿ

j“1

wNijX
j
s

¯

ds
ˇ

ˇ

ˇ
Ft

ı

, for j ‰ i.
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This is indeed the desired solution because

Y ijt “ ´κ2

ż t

0

´

Xi
s ´

1

N

N
ÿ

j“1

wNijX
j
s

¯

ds` κ2E
”

ż T

0

´

Xi
s ´

1

N

N
ÿ

j“1

wNijX
j
s

¯

ds
ˇ

ˇ

ˇ
Ft

ı

,

and

Mt “ κ2E
”

ż T

0

´

Xi
s ´

1

N

N
ÿ

j“1

wNijX
j
s

¯

ds
ˇ

ˇ

ˇ
Ft

ı

being a martingale in the Brownian filtration pFtqtě0, it can be represented as a stochastic
integral with respect to the Brownian motion processes generating the filtration. In other
words, there exist square integrable processes pZijkqk“1,¨¨¨ ,N such that:

Mt “

N
ÿ

k“1

ż t

0

Zijks dBks , 0 ď t ď T,

which is exactly what was needed to complete the solution of the adjoint equations. See for
example [21, Theorem 4.15 p. 182]. In order to streamline the notations we set:

Xt “

»

—

—

—

–

X1
t

X2
t

...
XN
t

fi

ffi

ffi

ffi

fl

, Yt “

»

—

—

—

–

Y 11
t

Y 22
t
...

Y NNt

fi

ffi

ffi

ffi

fl

, Zt “

»

—

—

—

–

Z111
t ¨ ¨ ¨ Z11N

t

Z221
t ¨ ¨ ¨ Z22N

t
... ¨ ¨ ¨

...
ZNN1
t ¨ ¨ ¨ ZNNNt

fi

ffi

ffi

ffi

fl

, and Bt “

»

—

—

—

–

B1
t

B2
t

...
BNt

fi

ffi

ffi

ffi

fl

,

(8.19)
so we can rewrite the forward backward system (8.18) in the condensed manner:

#

dXt “ ´Ytdt` σdBt, X0 “ X0

dYt “ ´κ
2
´

I ´ 1
NW

¯

Xtdt` ZtdBt, YT “ 0.
(8.20)

The system being linear, it is not unreasonable to expect that the solution of the backward
equation be a linear function of the solution of the forward equation. There are sound
reasons for that, but we shall not give them because they are beyond the scope of these
lectures. Still, based on this intuition, we make the ansatz Yt “ ηtXt for a differentiable,
N ˆ N matrix valued (deterministic) function t ÞÑ ηt which we try to determine. Again,
for the sake of notation we set A “ κ2

´

I ´ 1
NW

¯

so that

dYt “ ´AXtdt` ZtdBt, (8.21)

and computing dYt from the ansatz and using the expression of dXt given by the forward
equation we get:

dYt “ 9ηtXtdt` ηtdXt

“ 9ηtXtdt` ηtp´Ytdt` σdBtq

“ p 9ηt ´ η
2
t qXtdt` σηtdBt

(8.22)

and identifying with the expression (8.21) we get



8.3 First Application to a Simple Network Game 145

#

9ηt ´ η
2
t “ ´A

Zt “ σηt.
(8.23)

The first relation is a matrix Riccati equation. If we assume that the largest eigenvalue ofW
is not greater thanN , in which caseA ě 0 in the sense of inequality between matrices, then
given the terminal condition ηT “ 0, this Riccati equation admits a unique (non-exploding)
solution which is given explicitly by:

ηt “
?
A
`

e2
?
ApT´tq ´ I

˘`

e2
?
ApT´tq ` I

˘´1
(8.24)

which can also be expressed as

ηt “
?
A
´

I ´ 2
`

e2
?
ApT´tq ` I

˘´1
¯

. (8.25)

The fact that the matrix valued function ηt defined by either of these formulas is the solution
of the Riccati equation in (8.23) can be checked by inspection. Using this expression for ηt
in the ansatz and the dynamics of the state as given in the first equation of (8.20), we see
that

dXt “ ´ηtXtdt` σdBt

which shows that in equilibrium, at least when the initial condition is Gaussian, the state
process is Gaussian and the equilibrium strategy profile is given by

α̂t “ ´ηtXt

which is also Gaussian whenever Xt is. In fact, if for each s P r0, T s, we denote by Upt, sq
the solution of the ordinary (matrix) differential equation

d

dt
Upt, sq “ ´ηtUpt, sq, (8.26)

over the interval rs, T s with the initial condition Ups, sq “ I , then we have:

Xt “ Upt, 0qX0 ` σ

ż t

0

Upt, sqdBs (8.27)

from which one easily computes the covariance of the process pXtq0ďtďT .

covpXs, Xtq “ Upt, 0qcovpX0qUpt, 0q
: ` σ2

ż s

0

tracerUps, uqUpt, uq:sdu

whenever 0 ď s ď t ď T . We use the exponent : to denote the transpose of a matrix. Note
that the first term is not present when the initial condition X0 is deterministic.

8.3.3 A Glance at the Convergence of Large Games when N Ñ8

The above calculation shows the important role played by the matrixA “ κ2pI´N´1W q.
As we are about to see, in order for this quantity not to blow up in the limit N Ñ 8,



we need to rescale the interaction part of the cost by choosing κ “
?
N , in which case

A “ NI ´W .

Moreover, in order to analyze the limit of the solution of the network game considered
above as the size of the game increases without bound, we rename the important quantities
used above by introducing the dependence upon the number N of players. In particular:

AN “ NIN ´WN , and ηNt “
?
AN pe2

?
AN pT´tq ´ IN qpe2

?
AN pT´tq ` IN q´1,

where we denote by IN the N ˆ N identity matrix. The spaces to which these matrices
belong, namely RNˆN change with N , so for us to be able to control convergence when
N Ñ 8, we embed all these matrices into a common space. We choose this common
space to be the Hilbert space L2pI ˆ I,BIˆI , λI b λIq of (equivalence classes of) square
integrable functions on the unit square I ˆ I . In order to shorten the notation, we shall
often denote this space by L2pI ˆ Iq. A generic element, say w, of this Hilbert space is a
function I ˆ I Q px, yq ÞÑ wpx, yq P R uniquely defined for λI almost every x P I and
y P I , and its value wpx, yq can be interpreted as the strength of the interaction between x
and y if the latter are understood as players in a game with a continuum of players. In graph
theory, these functions w are often called graphons. Also, to each graphon w we associate
an operatorW on L2pI,BI , λIq defined by:

rW f spxq “

ż

I

wpx, yqfpyqdy, f P L2pI,BI , λIq (8.28)

and because this operator has a square integrable kernel, it is a Hilbert-Schmidt operator.
Recall the discussion of Section 4.2 of Chapter 4.

So associated to the matrix AN defined above, we introduce the piecewise constant
graphon ĀN which is equal to ANij “ Nδij ´ w

N
ij on the plaquette Ii ˆ Ij . Recall that for

each integer N ě 1, we denote by PpNq “ tI1, ¨ ¨ ¨ , INu the partition of r0, 1q comprising
the N equal length intervals Ij “ rpj ´ 1qN, j{Nq for j “ 1, ¨ ¨ ¨ , N . We often use the
dyadic partitions corresponding to N “ 2n for some integer n ě 0.

At this stage, we have a sequence pĀN qNě1 of (piecewise constant) elements of L2pIˆ
Iq. It makes sense to study the convergence of this sequence in this space. In terms of
the corresponding sequence of operators pĀN qNě1 obtained through the definition (8.28),
convergence of the kernels ĀN corresponds to the convergence of the operators ĀN in
the Hilbert-Schmidt norm, which is stronger than the convergence in the operator norm.
Unfortunately, even the convergence in the sense of the operator norm is too much to expect
in many cases. Indeed, as seen in Lemma 9.5, strong convergence is too often the best one
can expect.
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9

Stochastic Differential Graphon Games

In this chapter, we introduce a new class of dynamic stochastic differential games with a
continuum of players. Our goal is to generalize the section of graphon games contained in
Chapter 4 to the dynamic setting of controlled states given by the solutions of stochastic
differential equations.

9.1 GAMES WITH A CONTINUUM OF PLAYERS

In hope to identify, and possibly analyze, game models which could appear as limits when
N Ñ 8 of network games of the type studied in the previous chapter, we introduce a
model with a continuum of players with interactions given by a graphon.

9.1.1 Measure Theoretic Background

Let I “ r0, 1s, BI be its Borel σ-field and λI the Lebesgue measure on I . We should think
of each x P I as a player in the game we are about to introduce.

Next for technical reasons which will become clear later on, we consider a rich Fubini
extension pI ˆ Ω, I b F , λ b Pq as we did in Chapter 4 for the static case. I is a σ-
field containing BI . It is not countably generated. λ is a probability measure extending
the Lebesgue measure λI . So the measure space pI,B, λq is an extension of the standard
Lebesgue space pI,BI , λIq. pΩ,F ,Pq is a probability space which we should think of as
the sample space. F is not countably generated either, so the classical Lebesgue spaces
LppΩ,F ,Pq will not be separable. The σ-field I b F contains the product σ-field I b F
and the probability measure λbP is an extension of the product measure λbP. See Chapter
?? for more on rich Fubini extensions.

The theory of Fubini extensions guarantees the existence of a (measurable) essentially
pairwise independent process pξxqxPI on pΩ,F ,Pq with values in the Polish space E “

Cpr0, T sq such that for each x P I , the distribution of the random variable ξx is the Wiener
measure µ0 on E equipped with the Borel σ-field BE of the topology defined by the sup-
norm. For each t P r0, T s we denote by Ct the coordinate map E Q ω ÞÑ Ctpωq “ ωptq.
With this definition pCtq0ďtďT is a process of Brownian motion on the probability space
pE,BE , µ0q and as a result, for each x P I the process Bx “ pBxt q0ďtďT is a also a
process of Brownian motion on the probability space pΩ,F ,Pq. Moreover, the processes
pBxqxPI are essentially pairwise independent in the sense that for λ-almost every x P I the



148 Stochastic Differential Graphon Games

processes Bx is independent of the process By for λ-almost every y P I . We should think
of dBxt as the idiosyncratic shocks affecting the state of player x at time t.

For each x P I , we denote by Fxt “ σtBxs ; 0 ď s ď tu the complete σ-field generated
by the random variables Bxs for 0 ď s ď t. Now we define an admissible strategy profile
α “ pαxt qpx,tqPIˆr0,T s as a measurable and square integrable process on pI ˆ Ω,BI b
F , λIbPqwith values inL2pr0, T s, dtqwhich is distributed in the sense that for each x P I ,
the strategy αx “ pαxt q0ďtďT of player x P I is adapted to the filtration Fx “ pFxt q0ďďT
generated by the Wiener process Bx “ pBxt qtě0.

Let w be a graphon whose associated operator on L2pI,BI , λIq we denote byW . This
operator can be extended to the Hilbert space L2pI, I, λq since for f P L2pI, I, λq and
for λ-almost every x P I , the integral

ş

I
wpx, yqfpyqλpdyq makes sense. In fact, even

though f P L2pI, I, λq may not be measurable with respect to BI , the function I Q x ÞÑ
rW f spxq “

ş

I
wpx, yqfpyqλpdyq is as can be seen using the eigenfunction expansion of

the operatorW in L2pI,BI , λIq. Indeed:

rW f spxq “
ÿ

kě1

λkϕkpxq

ż

I

ϕkpyqfpyqλpdyq

which shows the desired measurability since all the eigenfunctions ϕk are BI -measurable.
Note that the infinite series in the right hand side converges in L2pIq-sense because the
}ϕk}L2pIq “ 1, |

ş

I
ϕkpyqfpyqλpdyq| ď

“ş

I
|fpyq|2λpdyq

‰1{2
, and the λk are square

summable.

Even though we are not able at this stage to define rigorously the dynamics of the states
of all the players simultaneously, we denote for each player x P I , their state at time t by
Xx
t and we assume that their overall expected cost is given by a quantity of the form:

Jx
`

pαtq0ďtďT ,α
˘

“ E
”

ż T

0

fpt,Xx
t , αt, Z

α,x
t qdt

ı

(9.1)

when player x uses the strategy pαtq0ďtďT and all the other players use the admissible
strategy profile α “ pαxt qpx,tqPIˆr0,T s. In so doing, the ensemble of players creates at each
time t P r0, T s, an aggregate state:

Zα,xt “

ż

I

wpx, yqXy
t λpdyq (9.2)

which represents the state of the system faced by player x P I . Note that if the graphon is
not constant, this aggregate is likely to depend upon x, breaking the symmetry of anony-
mous and mean field games. Moreover, its definition as an integral requires the measura-
bility of the map y ÞÑ Xy

t which is the reason we are setting up the game model with the
help of Fubini extensions.

The definition Xx
t of the state of player x at time t, as well as the definition of its

dynamics, will be chosen on a case by case basis. In any case, for the sake of notation
we shall often denote the aggregate (9.2) by rWX ¨tspxq, implicitly using the extension of
the operator W to L2pI, I, λq. Also, we need to keep in mind the fact that the function
y ÞÑ Xy

t depends upon the choice of the admissible strategy profile α.
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9.1.2 A First Class of Models

In this subsection, we assume that b : Aˆ R ÞÑ R is a function which is Lipschitz in both
variable, with a Lipschitz constant in the second variable being strictly smaller than 1. To
be specific, we assume that there exist positive constants cα and cz such that cz ă 1 and

|bpα, zq ´ bpα1, z1q|2 ď cα|α´ α
1|2 ` cz|z ´ z

1|2, pα, zq, pα1, z1q P Aˆ R. (9.3)

Our goal is to define the state of the system as a solution of a system of a continuum of
coupled stochastic differential equations of the form

dXx
t “ bpαxt , Z

α,x
t qdt` dBxt , t ě 0, x P I. (9.4)

The meaning of this differential form is better expressed in integral form:

Xx
t “ Xx

0 `

ż t

0

bpαxs , Z
α,x
s qds`Bxt , t ě 0, x P I.

We assume that the initial condition is square integrable in the sense that pXx
0 qxPI P

L2pΩ ˆ I,F b I,Pb λq and that the random variables Xx
0 are essentially pairwise inde-

pendent. If we can actually construct such a state, we should have:

ErXx
t s “ ErXx

0 s `

ż t

0

Erbpαxs , Zα,xs qsds, t ě 0, x P I, (9.5)

The following notation will become handy in the discussion below. For each x0 P R,
function t ÞÑ ut P A, and real valued functions z and ξ of t, t ÞÑ zt and t ÞÑ ξt, we define
the function t ÞÑ Xx0,u,z,ξptq by

Xx0,u,z,ξptq “ x0 `

ż t

0

bpαs, zsqds` ξptq. (9.6)

Notice that ErXXx0 ,α
x
¨ ,Z

α,x
¨ ,Bx¨

ptqs is exactly the expectation of the state Xx
t as considered

in (9.5).

Lemma 9.1 If the Hilbert-Schmidt norm of the graphon operator satisfies

czT
2 }W }

2
2 ă 2, (9.7)

then for any admissible strategy profile α, there exists a unique element Ω ˆ r0, T s ˆ I Q
pω, t, xq ÞÑ Zα,xt pωq in L2pΩ ˆ r0, T s ˆ I,F b Br0,T s b BI ,Pb λr0,T s b λIq satisfying:

Zα,xt “

ż

I

wpx, yqXXy0 ,α
y
¨ ,Z

α,y
¨ ,By ptqλpdyq (9.8)

for Pbλr0,T sbλI almost every pω, t, xq P Ωˆr0, T sˆI , showing existence and uniqueness
of a state process satisfying (9.4) where the aggregate Zα,xt is given by (9.2).
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Proof: Given α, we define the map U from L2
pΩˆ r0, T s ˆ I,F bBr0,T sbBI ,Pbλr0,T sbλIq

which we denote by L2
pΩ ˆ r0, T s ˆ Iq throughout the proof, into itself by:

rUzspt, xq “

ż

I

wpx, yqXXy0 ,α
y
¨ ,zp¨,yq,B

y ptqλpdyq

and we prove that U is a strict contraction of L2
pΩ ˆ r0, T s ˆ Iq. This will prove the claim of the

lemma. Note that by definition of a Fubini extension, the integral with respect to λpdyq of

XXy0 ,α
y
¨ ,zp¨,yq,B

y ptq “ Xy
0 pωq `

ż t

0

bpαyspωq, zpω, s, yqqds`B
y
t pωq

in F-measurable in ω P Ω and since it is continuous in t, it is jointly measurable with respect to
F bBI . Consequently, using again the eigenfunction expansion of the graphon function w as we did
earlier, we see that rUzspω, t, xq as defined above is F b Br0,T s b BI -jointly measurable.

As usual, we shall try not to write the dependence upon the variable ω P Ω whenever we can.
We first prove that Uz P L2

pΩ ˆ r0, T s ˆ Iq whenever z does.

E
ż T

0

ż

I

rUzspt, xq2 dtdx

“ E
ż T

0

ż

I

ˇ

ˇ

ˇ

ż

I

wpx, yqXXy0 ,α
y
¨ ,zp¨,yq,B

y
¨
ptq λpdyq

ˇ

ˇ

ˇ

2

dtdx

ď E
ż T

0

ż

I

´

ż

I

wpx, yq2dy
¯´

ż

I

ˇ

ˇ

ˇ
Xy

0 `

ż t

0

bpαys , zps, yqqds`B
y
t

ˇ

ˇ

ˇ

2

λpdyq
¯

dtdx

ď C}W }22E
ż T

0

´

ż

I

|Xy
0 |

2dy `

ż

I

ˇ

ˇ

ˇ

ż t

0

bpαys , zps, yqqds
ˇ

ˇ

ˇ

2

dy `

ż

I

|Byt |
2λpdyq

¯

dt

ď C}W }22

´

TE
ż

I

|Xy
0 |

2dy `
2

3
T 3
|bp0, 0q|2 `

ż

I

ˇ

ˇ

ˇ

ż t

0

pc2α|α
y
s | ` c

2
z|zps, yq|

2
qdsdy `

1

2
T 2

¯

which is finite because α and z are in L2
pΩ ˆ r0, T s ˆ Iq. We now prove the strict contraction

property. Let z and z̃ be elements of L2
pΩ ˆ r0, T s ˆ Iq. Then:

}Uz ´ Uz̃}2L2pΩˆr0,T sˆIq

“ E
ż T

0

ż

I

ˇ

ˇ

ˇ

ż

I

wpx, yq
´

XXy0 ,α
y
¨ ,zp¨,yq,B

y
¨
ptq ´XXy0 ,α

y
¨ ,z̃p¨,yq,B

y
¨
ptq

¯

λpdyq
ˇ

ˇ

ˇ

2

dtdx

ď E
ż T

0

ż

I

´

ż

I

wpx, yq2dy
¯´

ż

I

ˇ

ˇ

ˇ

ż t

0

´

bpαys , zps, yqq ´ bpα
y
s , z̃ps, yqq

¯

ds
ˇ

ˇ

ˇ

2

dy
¯

dtdx

ď }W }22 E
ż T

0

ż

I

ż t

0

`

bpαys , zps, yqq ´ bpα
y
s , z̃ps, yqqq

2ds dy dt

ď
T 2

2
cz }W }

2
2 E

ż T

0

ż

I

|zps, yqq ´ z̃ps, yq|2dsdy

which conclude the proof since czT 2
}W }22 ă 2 by assumption. ˝

Our goal is now to prove that the aggregate constructed above is in fact deterministic. In
preparation, we state without proof the following result which can be obtained with exactly
the same proof as above.
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Lemma 9.2 Under assumption (9.7), for any admissible strategy profile α, there exists a
unique element r0, T s ˆ I Q pt, xq ÞÑ qxptq in L2pr0, T s ˆ I,Br0,T s b BI , λr0,T s b λIq
satisfying:

qxptq “

ż

I

wpx, yqE
“

XXy0 ,α
y
¨ ,qy,By

ptq
‰

dy (9.9)

for λr0,T s b λI almost every pt, xq P r0, T s ˆ I . We shall denote by qα,xptq.

Proposition 9.3 Under assumption (9.7), for each admissible strategy profile α, the ag-
gregate Zα,xt is deterministic.

Proof: Because of our definition of admissibility of a strategy profile, because the initial condi-
tions are assumed to be pairwise essentially independent, the fact that qα,xptq is determinist implies
that for each fixed t, the random variables XXy0 ,αy¨ ,qα,y,By ptq are essentially pairwise independent.
Consequently, the exact law of large numbers implies that:

qα,xptq “

ż

I

wpx, yqE
“

XXy0 ,α
y
¨ ,q

α,y,By ptq
‰

dy

“

ż

I

wpx, yqXXy0 ,α
y
¨ ,q

α,y,By ptqλpdyq

(9.10)

which shows that qα,xptq satisfies the identity (9.8), and by uniqueness of the fixed point constructed
in the proof of Lemma 9.1, we conclude that qα,xptq “ Zα,x

t proving that the latter is deterministic.
˝

9.1.3 A Model Inspired by the Previous Finite Player Network Game

As a warm-up, we consider a natural generalization of the finite player network game stud-
ied earlier to the set-up of games with a continuum of players. We assume that for each
player x P I , the dynamics of their state are given by the Itô process

dXx
t “ αxt dt` σdB

x
t , (9.11)

where we assume that α “ pαxt qpx,tqPIˆr0,T s is an admissible strategy profile. We also
assume that the initial conditions are given by a processX0 “ pX

x
0 qxPI for which IˆΩ Q

px, ωq ÞÑ Xx
0 pωq P L

2pΩ ˆ I,F b BI ,P b λIq. This model is clearly a particular case
of what was discussed in the previous subsection, as one can see by choosing bpα, zq “ α
which satisfies assumption (9.3) with cα “ 1 and cz “ 0. Accordingly, Proposition 9.3
says that for each admissible strategy profile, the state aggregates Zα,xt are deterministic.
This is clear in the present situation since:

Zα,xt “ rWX ¨0spxq `

ż t

0

ż

I

wpx, yqErαys s dyds (9.12)

Wishful Thinking: a Formal Computation

Let us assume that in equilibrium, the state trajectories are given by the solutions of a
continuum of stochastic differential equations:
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dXx
t “ ´rηtX

¨
ts
xdt` dBxt , x P I, (9.13)

for some continuous function r0, T s Q t ÞÑ ηt in the space of bounded operators on L2pIq.
Denoting by pUpt, sqq0ďsďtďT the fundamental solution of the equation 9ft “ ´ηtft as
before, and assuming that these operators have kernels, one should expect that the solution
of (9.13) be given by the formula:

Xx
t “ rUpt, 0qX

¨
0s
x `

ż t

0

rUpt, sqdB¨ss
x

where the stochastic integral should be given by
ż t

0

rUpt, sqdB¨ss
x “

ż t

0

ż

I

Upt, sqpx, yqdBysλpdyq

where we use the notation Upt, sqpx, yq for the kernel of the bounded operator Upt, sq,
assuming that such a kernel exists. Assuming that these formal calculations can be justified,
for 0 ď s ď t ď T one has

covpXx
t X

y
s q

“ E
”´

ż t

0

ż

I

Upt, uqpx, x1qdBx
1

u λpdx
1qdu

¯´

ż s

0

ż

I

Ups, u1qpy, y1qdBy
1

u1λpdy
1qdu1

¯ı

“ E
”´

ż s

0

ż

I

Upt, uqpx, x1qdBx
1

u λpdx
1qdu

¯´

ż s

0

ż

I

Ups, u1qpy, y1qdBy
1

u1λpdy
1qdu1

¯ı

“

ż s

0

ż s

0

ż

I

ż

I

Upt, uqpx, x1qUps, u1qpy, y1qErdBx
1

u dB
y1

u1 sλpdx
1qλpdy1qdudu1

“

ż s

0

ż

I

Upt, uqpx, x1qUps, uqpy, x1qλpdx1qdu

“

ż s

0

ż

I

Upt, uqpx, x1qUps, uqpy, x1qdx1du

“

ż s

0

rUpt, uqUps, uq:spx, yqdu

(9.14)

where we used successively, the independence of the increments of the Brownian motions,
the essential pairwise independence of the Brownian motions, the fact that the kernels of
the operators U are BI measurable so we can use dx1 instead of λpdx1q, and finally the
definition of the transpose and the product of kernel operators.

9.2 CONVERGENCE AND APPROXIMATION ANALYSES

In this section, instead of starting from finite systems and analyzing their possible limits
when their sizes grow without bound, we start from an infinite system, based on a model
for the interactions between a continuum of players, and we construct finite systems which
converge in a certain sense toward the infinite system we started from.
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9.2.1 Approximations by Finite Random Graphs

9.2.2 Deterministic Approximation Analysis

As usual, we denote by I “ r0, 1s the unit interval, BI its Borel σ-field and by λI the
Lebesgue measure. To shorten the notations, we shall use L2pIq for L2pI,BI , λIq and
L2pI ˆ Iq for L2pI ˆ I,BI b BI , λI b λIq.

Function Approximation Preliminaries

For each integer N ě 1 we denote by PpNq “ tI1, ¨ ¨ ¨ , INu the partition of r0, 1q given
by the N equal length intervals Ij “ rpj ´ 1qN, j{Nq for j “ 1, ¨ ¨ ¨ , N , and by LpNq

the subspace of L2pIq of the (equivalent classes of) functions which are constant over the
intervals Ij . We emphasize the fact that the vector space LpNq is isometric (up to the nor-
malizing scaling factor

?
N ) to the Euclidean space RN . Indeed, the following calculation

shows that this isometry πN is given by the map from LpNq onto RN which associates to a
function f taking the values fj on the intervals Ij , the element of RN with j-th component
fj . If the functions f and g in LpNq take the values fj and gj on the intervals Ij , then:

ă f, g ąLpNq“
N
ÿ

j“1

ż

Ij

fpxqgpxqdx “
1

N

N
ÿ

j“1

fjgj “
1

N
ă πNf,πNg ąRN . (9.15)

Here and in the following, we denote by ă f, g ąL the inner product of f and g in the
space L, which we skip in the case of L2pIq.

We now identify the orthogonal projection ΠN of L2pIq onto the subspace LpNq. If
f P L2pIq and N ě 1, we denote by µN pfq the element of RN defined by

µN pfqj “ N

ż

Ij

fpyqdy, j “ 1, ¨ ¨ ¨ , N.

The entries of this vector are the averages of the function f over the intervals Ij of the
partition. For each N ě 1 and f P L2pIq we denote by f̄N P L2pI,BI , λIq the piecewise
constant function on I which is equal to µN pfqj on Ij for j “ 1, ¨ ¨ ¨ , N . This function
has a nice probabilistic interpretation. Indeed, if for each N ě 1 we denote by BNI the
sub σ-field of BI generated by the partition PpNq, then f̄N is nothing but the conditional
expectation of f with respect to BNI , in notation

f̄N “ EλI rf |BNI s. (9.16)

Clearly, f̄N P LpNq, and in fact, f̄N “ ΠNf . Indeed, for every f P L2pIq and for every
ϕ P LpNq, if we denote by ϕj the value of ϕ on Ij , we have:
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ă f, ϕ ą“
N
ÿ

j“1

ż

Ij

fpxqϕpxqdx “
N
ÿ

j“1

ϕj

ż

Ij

fpxqdx

“

N
ÿ

j“1

1

N
ϕjµ

N pfqj

“

N
ÿ

j“1

ż

Ij

ϕpxqf̄N pxqdx “ă f̄N , ϕ ą .

(9.17)

Similarly, if w P L2pI ˆ Iq is symmetric in the sense that wpx, yq “ wpy, xq for almost
every x and y in I , and if N ě 1, we denote by wN P RNˆN the N ˆN symmetric matrix
defined by its entries wNij given by:

wNij “ N2

ż

Ii

ż

Ij

wpx, yqdxdy, i, j “ 1, ¨ ¨ ¨ , N,

and by w̄N the piecewise constant function in L2pI ˆ Iq which is equal to wNij over the
square Ii ˆ Ij . Again, w̄N can be viewed as a conditional expectation:

w̄N “ EλIbλI rw|BNIˆI s. (9.18)

where BNIˆI is the σ-field generated by the partition of I ˆ I into the plaquettes Ii ˆ Ij for
i, j “ 1, ¨ ¨ ¨ , N .

Lemma 9.4 If f P L2pIq and w P L2pI ˆ Iq, then

lim
NÑ8

f̄N “ f, lim
NÑ8

w̄N “ w

almost surely and in the L2-sense for the respective L2 spaces.

Proof: For the sake of simplicity, we prove the result in the case of the dyadic subsequence N “ 2n

with a simple martingale argument. Notice that for each n ě 0, B2n

I Ă B2n`1

I which shows that
pf̄2n

qně0 is a martingale closed by f , hence the convergence almost sure and in L2. The argument
is exactly the same for w. ˝

Piecewise Constant Graphons and Associated Operators

If w P L2pI ˆ Iq, we denote byW the operator with kernel w, i.e. the operator defined on
L2pIq by:

rW f spxq “

ż

I

wpx, yqfpyq dy, f P L2pIq.

The operator W is not only a bounded operator, but because it has a square integrable
kernel, it is a Hilbert-Schmidt operator. Its Hilbert-Schmidt norm }W }2 is given by

}W }22 “

ż ż

IˆI

wpx, yq2dxdy.

In fact there exists an complete orthonormal system (CONS) tϕk; k ě 1u of L2pIq of
eigenfunctions of W . Indeed there exist a square summable sequence of real numbers
tλk; k ě 1u satisfying:
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Wϕk “ λkϕk, k ě 1.

The square of the Hilbert-Schmidt norm also equals the sum of the squares of the eigenval-
ues, so

}W }22 “
ÿ

kě1

λ2
k.

Given an N ˆN symmetric matrix η, we denote by η̄N the function on I ˆ I which is
equal to ηij over the square Iiˆ Ij , and by ηN the corresponding kernel operator on L2pIq
defined by:

rηNf spxq “

ż

I

ηN px, yqfpyqdy, x P I.

Notice that if f P LpNq is equal to fj over the interval Ij for j “ 1, ¨ ¨ ¨ , N , then if x P Ii,

rηNf spxq “
N
ÿ

j“1

ż

Ij

ηN px, yqfpyqdy “
1

N

N
ÿ

j“1

ηijfj “
1

N
rηpπNfqsi.

In particular, the function ηNf is constant over the intervals Ij , so it is an element of LpNq,
showing that the operator ηN leaves the space LpNq invariant. Moreover, the vector of its
values, namely πN pηNfq is given up to the factor 1{N by the product of the original
matrix η by the vector πNf . To be specific:

πNηNf “
1

N
ηpπNfq (9.19)

for f P LpNq. Notice also that the operator ηN associated with the matrix η not only leaves
invariant the subspace LpNq, but it is identically equal to 0 on the orthogonal complement
LpNqK. Indeed, if f P LpNqK, then

rηNf spxq “

ż

I

ηN px, yqfpyqdy “ă ηN px, ¨q, f ą“ 0

because for each x P I , the function I Q y ÞÑ ηN px, yq is constant over the intervals Ij ,
hence belongs to LpNq, implying that the inner product is 0 since f is orthogonal to all the
functions of LpNq. So since I´ΠN is the orthogonal projection of L2pIq onto LpNqK, we
see that for every f P L2pIq,

ηNf “ ηN pΠNfq ` ηN prI´ΠN
sfq “ ηN pΠNfq

and applying (9.20) toΠNf we get

πNηNΠNf “
1

N
ηpπNΠNfq (9.20)

for f P L2pIq. So, using the facts that ηNΠN
“ ηN and πNΠN

“ µN we get the
formula:

ηN “
1

N
pπN q´1ηµN . (9.21)
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The final remark on this topic is contained in the following formula. For each bounded
continuous function u from R into R such that up0q “ 0, we have the following equality
between bounded operators on L2pIq:

upηN q “
1

N
pπN q´1upηqµN . (9.22)

The easiest way to prove this equality is to start from the eigenvalues λ1 ď λ2 ď ¨ ¨ ¨ ď λN
of the symmetric matrix η and the corresponding eigenvectors f1, f2, ¨ ¨ ¨ , fN forming an
orthonormal basis of RN . By definition, the matrix upηq is diagonalized in the same or-
thonormal basis tf1, f2, ¨ ¨ ¨ , fNu and its eigenvalues are upλ1q, upλ2q, ¨ ¨ ¨ , upλN q. For-
mula (9.21) implies that the eigenvalues of the operator ηN are 0 and λ1 ď λ2 ď ¨ ¨ ¨ ď λN ,
an orthonormal basis of eigenvectors being given by any orthonormal basis of LpNqK,
say tgkukě1 (all the gk associated with the eigenvalue 0), and the orthonormal ba-
sis t

?
NpπN q´1f1,

?
NpπN q´1f2, ¨ ¨ ¨ ,

?
NpπN q´1fNu of LpNq. Recall (9.15). Conse-

quently, because of the way functions of a bounded symmetric (self-adjoint) operator are
defined, the eigenvalues of the operator upηN q are 0 (recall that up0q “ 0 by assumption)
and upλ1q, upλ2q, ¨ ¨ ¨ , upλN q, with the same orthonormal basis of functions. Using again
formula (9.21), we see that the operator described this way must be 1

N pπ
N q´1upηqµN ,

proving formula (9.22).

Stability Results

The nature and the statements of the following approximation results for operators onL2pIq
are motivated by the analysis of the finite player network game introduced in the previous
chapter.

Lemma 9.5 If w P L2pI ˆ Iq, and if for every integer N ě 1 we denote by IN the
operator whose kernel is given by the piecewise constant function equal to δij over the
plaquette Ii ˆ Ij of the partition of I ˆ I determined by the partition PpNq of I , andWN

the operator associated with the piecewise constant function w̄N defined in (9.18), then the
operatorNIN converges strongly towards the identity operator I ofL2pIq and the operator
WN converges strongly towards the operator W associated with the graphon w, i.e. for
every f P L2pIq

lim
NÑ8

rNIN sf “ f, and lim
NÑ8

WNf “W f.

Proof: If f P L2
pIq, then if x P Ii,

rpNIN ´W qf spxq “
N
ÿ

j“1

ż

Ij

rNIN px, yq ´ wN px, yqsfpyqdy

“

N
ÿ

j“1

rNδij ´ w
N
ij s

ż

Ij

fpyqdy

“ N

ż

Ii

fpyqdy ´N2
N
ÿ

j“1

ż

Ii

ż

Ij

wpx1, y1qdx1dy1
ż

Ij

fpyqdy

(9.23)
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the first term converging toward f in L2
pIq. As for the second term, we rewrite it as:

´N

ż

Ii

´

ż

I

wpx1, y1qfpy1qdy1
¯

dx1 ´N
N
ÿ

j“1

ż

Ii

ż

Ij

wpx1, y1q
”

N

ż

Ij

fpyqdy ´ fpy1q
ı

dx1dy1

“´N

ż

Ii

rWf spx1qdx1 ´N

ż

Ii

´

N
ÿ

j“1

ż

Ij

wpx1, y1q
”

N

ż

Ij

fpyqdy ´ fpy1q
ı

dy1
¯

dx1.

(9.24)

The first term converges in L2
pIq toward the desired function W f , so it remains to show that the

second term converges in L2
pIq toward 0. But using the notation (9.16), we can rewrite the negative

of this second term as

N

ż

Ii

´

N
ÿ

j“1

ż

Ij

wpx1, y1q
”

f̄N py1q ´ fpy1q
ı

dy1
¯

dx1 “ N

ż

Ii

rW pf̄N ´ fqspx1qdx1

Notice that the right hand side is the value at x P Ii of the piecewise constant function equal to the
average of the functionW pf̄N ´ fq over each interval of the partition PpNq. By Jensen’s inequality
theL2

pIq - norm of this function is less than or equal to theL2
pIq - norm of the functionW pf̄N´fq

which goes to 0 because of the result of Lemma 9.4.
In fact the convergence of the second term in (9.23) can be argued with a high level argument.

Indeed, Lemma 9.4 says that the kernels of the operators WN converge toward the kernel of the
operator W in L2

pI ˆ Iq, which implies the convergence of the operators in the Hilbert-Schmidt
norm, hence in the operator norm, hence in the sense of the strong convergence. ˝

The following result is tailored to the analysis of the finite player network game inves-
tigated earlier.

Lemma 9.6 Let pAN qNě1 be a sequence of bounded self-adjoint operators on L2pIq
which satisfy the following conditions:

(i) the spectra of all the AN are contained in r0, cs for some c ą 0;
(ii) AN converges strongly toward a bounded self-adjoint operator A.

So if for each N ě 1 and t P p0, T q we define:

ηNt “
?
AN pe2

?
AN pT´tq ´ Iqpe2

?
AN pT´tq ` Iq´1

then we have
lim
NÑ8

ηNt “ ηt strongly

where ηt “
?
Ape2

?
ApT´tq ´ Iqpe2

?
ApT´tq ` Iq´1.

Proof: This is a direct consequence of the fact that for t P p0, T q fixed, the function α ÞÑ
?
αpe2

?
αpT´tq

´ 1qpe2
?
αpT´tq

` 1q´1 is continuous and bounded on r0, cs. ˝

Lemma 9.7 Let pηN qNě1 be a sequence of continuous functions from r0, T s into the space
of bounded self-adjoint operators on L2pIq which satisfy the following conditions:

(i) for each t P p0, T q the operator ηNt converges strongly toward a bounded self-
adjoint operator ηt;

(ii) the function p0, T q Q t ÞÑ ηt is strongly continuous.
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Then for each N ě 1 and s, t P p0, T q the fundamental solution pUN pt, sqq0ďsďtďT of the
equation

d

dt
UN pt, sq “ ηNt U

N pt, sq t ě s

with the initial condition UN ps, sq “ I, converges strongly as N Ñ 8 toward he funda-
mental solution pUpt, sqq0ďsďtďT of the equation

d

dt
Upt, sq “ ηtUpt, sq t ě s

with the same initial condition Ups, sq “ I

Proof: For each t P r0, T s, the operators ηNt converge strongly toward ηt, both being given by for-
mula (8.24) applied to AN and A respectively. The uniform boundedness principle (see for example
[32, Theorem III.9] or [39, Theorem 4.22]) implies that

sup
0ďtďT

sup
Ně1

}ηNt } ă 8 and sup
0ďtďT

}ηt} ă 8. (9.25)

As a result, the fundamental solutions of the operator linear differential equation (8.26) are also
uniformly bounded in norm. Indeed:

sup
0ďsďtďT

sup
Ně1

}UN pt, sq} ď sup
0ďsďtďT

sup
Ně0

e
şT
0 }η

N
t }dt ă 8. (9.26)

Next we prove that for 0 ď s ď t ď T fixed, UN pt, sq converges strongly toward Upt, sq. Indeed, if
f P L2

pIq is fixed, UN pt, sqf and Upt, sqf are the solutions of the ordinary differential equations

9fNt “ ´ηNt f
N
t , and 9ft “ ´ηtft,

over the interval t P rs, T s with the same initial conditions fNs “ fs “ f . Notice that

9ft “ ´ηtft “ ´η
N
t ft ` rη

N
t ´ ηtsft

so that

ft “ fNt `

ż t

s

UN pt, uqrηNu ´ ηusfu du.

For each fixed u P rs, ts, the strong convergence of ηNu toward ηu and the uniform bound (9.26)
imply that limNÑ8 }U

N
pt, uqrηNu ´ ηusfu} “ 0. Moreover, the uniform bounds (9.25) and (9.26)

make it possible to use Lebesgue’s dominated convergence theorem to conclude that fNt converges
toward ft in L2

pIq. This proves that for each 0 ď s ď t ď T , UN pt, sq converges strongly toward
Upt, sq. ˝

Examples

• Constant graphon wpx, yq “ p for some p P p0, 1q. In this case, for each N ě 1,
wNij “ p which says that each player interacts with all the other players equally, the
aggregate being, up to the factor p, the sample average of all the states. We recover the
Mean Field Game models.
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• Simple threshold graphon wpx, yq “ 1x`yď1. In this case,

wNij “

$

’

&

’

%

1 if i` j ď N

0.5 if N ` 1 ď i` j ď N ` 2

0 if i` j ą N ` 2

so a given player i P rN swill have the same unit strength interaction with all the players
j P t1, ¨ ¨ ¨ , N ´ iu, interaction of strength 0.5 with players j P tN ´ i` 1, N ^pN ´
i` 2qu and no interaction with the players j P tN ^ pN ´ i` 3q, Nu. Recall that the
notation x^ y stands for the minimum of x and y.

• Min-max graphon wpx, yq “ x^ yp1´ x_ yq. Recall that the notation x_ y stands
for the maximum of x and y. In this case,

wNij “

$

’

&

’

%

1
N2 pi´

1
2 qpN ´ pj ´

1
2 qq if 1 ď i ď j ´ 1

i3´i`1{3
N3 ´

i3´p3{2qi2`i´1{4
N4 if i “ j

1
N2 pj ´

1
2 qpN ´ pi´

1
2 qq if 1 ď j ď i´ 1

so the interaction of a given player i P rN s with player j decreases when the label j of
the other player gets further from the label i.

• Power law graphon wpx, yq “ px ^ yp1 ´ x _ yqqxyqγ for some γ P p0, dir0o{3q.
While this graphon function is not bounded, it is still square integrable. In this case,

wNij “
1

p1´ γq2N2p1´γq
ri1´γ ´ pi´ 1q1´γsrj1´γ ´ pj ´ 1q1´γs

showing that the strength of the interaction of a given player i P rN s with player j
decreases when the label j of the other increases.

9.2.3 Back to the Stochastic Differential Graphon Game

Recall that we started from a graphon w to underpin the interaction between the players
and we proved that for each admissible strategy profile α “ pαxt qxPI,tPr0,T s, the aggregate
states Zα,xt felt by the individual players were deterministic.

Notion of Nash Equilibrium

Definition 9.8 An admissible strategy profile α “ pαxt qxPI,tPr0,T s is said to be a Nash
equilibrium for the game if there exists Z “ pZxt qxPI,tPr0,T s P L

2pI ˆ r0, T sq such that
(i) for almost every x P I

pαxt q0ďtďT P arg inf
pαtq0ďtďT

E
”

ż T

0

´1

2
|αt|

2 ` pXt ´ Z
x
t q

2
¯2

dt
ı

under the constraint dXt “ αtdt ` dBt for some Brownian motion B “ pBtqtě0 where
the drift pαtq0ďtďT is adapted to the filtration of this Brownian motion;

(ii)Z “ pZxt qxPI,tPr0,T s is the deterministic aggregate associated withα “ pαxt qxPI,tPr0,T s
via Proposition 9.3.
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Bullet point (i) in the statement of the definition states the optimal control problem
(almost every) each player x P I has to solve to find their best response to the aggregate
state Z. If one uses Pontryagin stochastic maximum principle to solve this problem we
end up having to solve the following forward-backward system of stochastic differential
equations:

#

dXx
t “ ´Y xt dt` dB

x
t

dY xt “ ´pXx
t ´ Z

x
t qdt` Z̃tdB

x
t .

Unfortunately, this forward-backward system cannot be attacked x by x because of the
coupling contained in the candidate Z for the actual state aggregate. Including the fixed
point element contained in the second bullet point of the above definition implies that this
Z (not to be confused with the Z̃xt integrand processes) should be the actual aggregate in
equilibrium. So if we combine all these coupled forward backward systems in one, one
obtain (at least formally) the infinite dimensional forward backward system

#

dX ¨t “ ´Y ¨t dt` dB
¨
t

dY ¨t “ ´AX ¨tdt` Z̃tdB
x
t .

where A is the operator I ´W and Z̃t is now an operator since it should depend upon
couples px, yq of players. This coupled forward backward system being linear, it can be
solved by first making an ansatz Y ¨t “ ηtX

¨
t for some deterministic function t ÞÑ ηt with

values in the space of bounded operators on L2pIq, and differentiating the ansatz and using
the differential given by the above system helps us identify ηt as the solution of the Riccati
equation

9ηt ´ η
2
t “ ´A

whose solution is given by ηt “
?
Ape2

?
ApT´tq ´ Iqpe2

?
ApT´tq ` Iq´1. Consquently,

we can conclude that the dynamics of the states in equilibrium are given by the Gaussian
process whose covariance was computed in the subsection touted as Wishful Thinking, and
that this equilibrium is indeed the limit as N Ñ 8 of the Gaussian processes giving the
states evolutions for the equilibria of the finite player network games which we constructed
for the purpose of approximation.

9.3 WHERE DO WE GO FROM HERE?

As a conclusion to this chapter, I list informally, in no particular order, a set of questions
raised by the limitations of the results and proofs given above, and a few desirable exten-
sions which could be approachable with the tools developed presented in these lectures.

• For the very few models for which we can compute Nash equilibria, could we also solve
the central planner optimization problem and as a result, estimate the price of anarchy
for these large stochastic networks.

• We chose to use a version of the Pontryagin stochastic maximum principle to solve
the network game model analyzed in this chapter. A more analytic approach would
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be based on the use of the dynamic programming principle and the solution of a sys-
tem of Hamilton-Jacobi-Bellman equations coupled with a Kolmogorov-Fokker-Planck
equation. Could such an approach be implemented to control the limits of finite player
network games and recover the systems touted by Peter Caines and his collaborators in
a series of recent notes and conference proceedings? See for example [14].

• The analysis of static graphon games lead to expressions for Nash equilibria involv-
ing geometric properties of the underlying graph structure, such as centrality indexes
for example. The form of the equilibrium strategy profiles we found in the models of
dynamic stochastic graphon games we managed to solve in this chapter involved the
operator I ´W in a form which was not explicit enough to identify the role of the
geometry of the graph in the expression of the player strategies. Making this connec-
tion explicit will be helpful to understand how the nature of the graph influences the
equilibria.

• We approximated the limiting continuum graph structure by deterministic analogs
based on piecewise constant graphons, and the corresponding finite player games were
based on these approximations. Graphons are traditionally introduced as limits of ran-
dom graphs. Some of these random graphs are obtained by sampling methods, the most
popular ones being described in Chapter 4. Is it possible to approach the analysis of
network games with a continuum of players as limits of finite player games interact-
ing through these random graph approximations? How different would the analysis be?
Could we get a better insight using these types of approximations?

• Graphons are limits of dense graphs. In game models underpinned by such graphs, each
player interacts with a significant proportion of the other players. Remember that in a
mean field game, each player interacts with all the players, even if only through average
quantities like means, ..... . Mathematical structures have been introduced to capture the
limits of sparse random graphs (e.g. bounded degree graphs, Erdos-Renyi graphs with
small connection probabilities, graphs with power law degree, .... ) whose limits would
naturally lead to the zero graphon. Could we use these to analyze the limits of network
games with sparse interactions?
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https://www.ceremade.dauphine.fr/„cardalia/MFG100629.pdf, 2012.
11. R. Carmona and F. Delarue. Probabilistic Theory of Mean Field Games: vol. I, Mean Field

FBSDEs, Control, and Games. Stochastic Analysis and Applications. Springer Verlag, 2017.
12. P. Diaconis and S. Janson. Graph limits and exchangeable random graphs. Rendiconti di Matem-

atica e delle sue Applicazioni, 28:33 – 61, 2008.
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24. László Lovász. Large networks and graph limits, volume 60. American Mathematical Society,
2012.

25. A. Mas-Colell. On a theorem by schmeidler. Journal of Mathematical Economics, 13:201 – 206,
1984.

26. D. Monderer and L.S. Shapley. Potential games. Games and Economic Behavior, 14:124 – 143,
1996.

27. D.P. Myatt and C. Wallace. Endogenous information acquisition in coordination games. Review
of Economic Studies, 79:340 – 374, 2012.

28. J. Nash. Equilibrium points in n-person games. Proceedings National Academy of Sciences USA,
36:48–49, 1950.

29. Lawrence Page, Sergey Brin, Rajeev Motwani, and Terry Winograd. The pagerank citation
ranking: Bringing order to the web. Technical report, Stanford InfoLab, 1999.

30. F. Parise and A. Ozdaglar. Graphon games. Technical report, MIT, 2018.
31. M. Reed and B. Simon. Methods of modern mathematical physics: I Functional Analysis. Aca-

demic Press, 1980.
32. M. Reed and B. Simon. Methods of modern mathematical physics. I. Functional analysis. Aca-

demic Press, Inc. San Diego, 1980.
33. R.W. Rosenthal. A class of games possessing pure-strategy nash equilibria. International Journal

of Game Theory, 2:64 – 67, 1973.
34. W. Rudin. Real and complex analysis. McGraw-Hill, New York, 1966.
35. D. Schmeidler. Equilibrium points of nonatomic games. Journal of Statistical Physics, 7:295 –

300, 1973.
36. G. Scutari, D. P. Palomar, F. Facchinei, and J.S. Pang. Convex optimization, game theory, and

variational inequality theory,.
37. Y. Sun. The exact law of large numbers via fubini extension and characterization of insurable

risks. Journal of Economic Theory, 126:31–69, 2006.
38. A. Tarski. A lattice theoretic fixed point theorem. Pacific Journal of Mathematics, 5:285–309,

1955.
39. J. Weidmann. Linear Operators in Hilbert Spaces. Springer Verlag, 1980.



NOTATION INDEX

2E , 16
Ajphkq, 119
GpN, pq, 61
Lppr0, 1sq, 58
Lppr0, 1s;Rkq, 58
W p0q, 135, 136
W p2q, 136
W ppq, 135
PX , 138
Πr0,1s, 62, 65
} ¨ }2, 62
Gphkq, 119
Hpkq, 118
LpXq, 138
N , 4
PpAq, 10
δx, 10, 142
Bk, 131
H0,k, 131
H2,k, 131
Pµ ˝ pXiq´1, 85
S2, 131
LPpX

iq, 85
µN , 142
µx, 10
br, 4
d2, 62
x_ y, 178
x^ y, 178

CLFFNE, 150
CLNE, 150

DNE, 150

OLNE, 150

PoA, 4
PoS, 5

SDE, 131, 142



AUTHOR INDEX

Berge, 22
Bochner, 54
Bonacich, 60
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